Banach Symmetric Spaces 

Michael Klotz* 



Abstract 

A Banach symmetric space in the sense of 0. Loos is a smooth Banach manifold M 
endowed with a multiplication map fx: M X M — > M such that each left multiplication 
map \x x := fJ,(x, •) (with x £ M) is an involutive automorphism of (M,p,) with the 
isolated fixed point x. We show that morphisms of Lie triple systems of symmetric spaces 
can be uniquely integrated provided the first manifold is 1-connected. The problem 
is attacked by showing that a continuous linear map between tangent spaces of affinc 
Banach manifolds with parallel torsion and curvature is integrable to an affine map if it 
intertwines the torsion and curvature tensors provided the first manifold is 1-connected 
and the second one is geodesically complete. Further, we show that the automorphism 
group of a connected Banach symmetric space M can be turned into a Banach-Lie group 
acting smoothly and transitively on M. In particular, M is a Banach homogeneous space. 
Keywords: Banach symmetric space, Lie triple system, affine Banach manifold, Cartan- 
Ambrose-Hicks theorem, automorphism group 
MSC2010: 53C35, 53B05, 22E65 

1 Introduction 

A symmetric space in the sense of O. Loos (cf. |Loo69| ) is a smooth manifold M endowed with 
a multiplication map /j:MxM->M such that each left multiplication map \i x := fJ>(x,-) 
(with x £ M) is an involutive automorphism of (M, //) with the isolated fixed point x. 

The tangent bundle (TM, Tfi) of a symmetric space (M, fi) is again a symmetric space 
so that a smooth vector field on M is called a derivation if it is a morphism of symmetric 
spaces. Each symmetry \i x induces an involutive automorphism of the Lie algebra Der(M, \x) 
of derivations. This provides an additional structure on the tangent space T X M, namely a 
Lie triple system, and we obtain a functor Lts from the category of pointed symmetric spaces 
to the category of Lie triple systems. 

The purpose of this paper is to start working towards a Lie theory of symmetric spaces 
modelled on Banach spaces. From |Nee02], [LanOl] and [BcrOS , we extract some basic 
material on infinite-dimensional symmetric spaces. 

In the finite-dimensional case, O. Loos claims that morphisms of Lie triple systems of 
symmetric spaces can be uniquely integrated provided the first manifold is 1-connected (cf. 
|Loo69j ). A connected symmetric space carries a natural affine connection such that mor- 
phisms coincide with affine maps and such that morphisms of appendant Lie triple sys- 
tems coincide with curvature intertwining maps. Therefore, the integrability problem can 
be translated into the language of affine connections. Symmetric spaces are torsionfree and 
geodesically complete and possess parallel curvature. 
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Given a 1-connected affine manifold Mi and a geodesically complete affine manifold M2 
with base points b\ and 62 > respectively, O. Loos claims that a torsion and curvature inter- 
twining map between the tangent spaces at the base points can be uniquely integrated to an 
affine map from Mi to M%. Regrettably, his line of argument seems to be incomplete. He 
actually shows only a local extension. 

In [Amb56], W. Ambrose gives a theorem about the integration of an isometric isomor- 
phism between tangent spaces of complete 1-connected Riemannian manifolds in the finite- 
dimensional case. As a sequel to it, in [Hic59], N. Hicks deals with the case of affine manifolds. 
Their work is based on the work of £. Cartan (cf. [Car46]) and their results are known as 
the theorem of Cartan- Ambrose-Hicks. This is also dealt with in |KN63| and in jWol67] 
and is generalized in [PR02] and |BH89| to the case of maps that are not necessarily isomor- 
phisms. In |PR02j, the theorem is proved by constructing affine maps via their graph and an 
existence theorem for affine submanifolds. In [BH89], the maps are constructed between the 
frame bundles over the manifolds rather than between the manifolds themselves, but likewise 
with Cartan's 'technique of the graph'. 

In this paper, we generalize in a first step the arguments in |Loo 69j to the Banach case 
to show that a continuous linear map A: T\j y M\ — > T^Mi between tangent spaces of affine 
Banach manifolds M\ and M2 with parallel torsion and curvature is locally integrable to an 
affine map if it intertwines these tensors. In a second step, we globalize this theorem by 
extension along piecewise geodesies and obtain that the map A is uniquely integrable to an 
affine map / : Mi — > M2 provided Mi is 1-connected and M2 is geodesically complete. 

Applying these results to Banach symmetric spaces, we see that morphisms of Lie triple 
systems of symmetric spaces can be uniquely integrated provided the first manifold is 1- 
connected. As a further important result we show that the automorphism group of a con- 
nected Banach symmetric space M is a Banach-Lie group acting smoothly and transitively 
on M. In particular, M is a Banach homogeneous space. More precisely, we have M = G/Gb, 
where the stabilizer Gb for a point b € M is an open subgroup of the group of fixed points in 
G for the involution a on G given by a(g) := ^b°g°^b with the symmetry Hb at b (cf. |Nee02} 
Ex. 3.9] for homogeneous symmetric spaces). This is a simple consequence of [Klollj . where 
the author shows that the automorphism group of a connected geodesically complete affine 
Banach manifold M can be turned into a Banach-Lie group acting smoothly on M. 
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2 Affine Banach Manifolds 

In this section, we first collect a number of definitions and properties concerning affine con- 
nections on smooth Banach manifolds. Afterwards, we cite relevant statements concerning 
affine and infinitesimal affine automorphisms: Given a connected affine Banach manifold 
(M, V), the Lie algebra Kill(M, V) of infinitesimal automorphisms can be naturally turned 
into a Banach-Lie algebra. If M is geodesically complete, then Kill(M, V) consists of com- 
plete vector fields and the automorphism group Aut(M, V) can be turned into Banach-Lie 
group acting smoothly on M. 



2.1 Affine Connections on the Tangent Bundle 

Let M be a smooth Banach manifold, ir: TM — > M be the natural projection of its tangent 
bundle and tttm ■ TTM — > TM be the natural projection of the tangent bundle of TM. Also 
the map Tvr: TTM ->■ TM makes TTM a vector bundle over TM (cf. [LanOH p. 104]). The 
composition tt o tttm turns TTM into a fiber bundle over M. 

An affine connection on TM is a morphism B : TM © TM — > TTM of fiber bundles 
over M such that (tttm,Ttt) o B = \&tm®tm and such that B is bilinear, i.e., for each 
x G M, B x : T X M © T X M -)• TTM is bilinear. Note that B x (v,-): T X M -)• T V (TM) and 
B x (-,w): T X M — > (Tir)^ 1 (w) are indeed maps between Banach spaces. The pair (M,B) is 
called an affine Banach manifold. 

In a chart p : U — > V C E, an affine connection B can be written as 

TTip o B o (Tip © Tip)- 1 : TV © TV = V x E x E -t TTV = VxExExE 

(x,v,w) I-?- (x, v , u>, B x (v, w)) 

with a smooth map B v : V — > C 2 (E,E) from V into the space of continuous bilinear maps 
E x E — > E, which we call a local representation of B. Considering two charts p\ and tp2, 
the change of variable formula for the transition map h := p2 ° Pi 1 is given by 

B% x Jdh(x)(y),dh(x)(w)) = d 2 h{x)(v,w) + dh(x)(B^(v,w)). 

An affine connection can also be given by a covariant derivative V, i.e., by a collection 
(V) [/cm open of M-bilinear maps 

V u : V(U) x V(U) -> V(C/), (e,r?) ^ (V u )^ 

satisfying the conditions 

(1) {V u ) f ^r] = f{V u )^rj (C°°(lT)-hnearity in the first variable) 
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(2) (V 17 )^/^) = (£./)77 + f{V u )^v (derivation property) 

for all £,r] G V(J7) and smooth functions / G C°°(?7) such that the maps V u are compatible 
in the sense that 

((V^k = (V u % U2 v\u 2 

for all £,77 G V(J7i), C/2 C lq C M. In the following, we shall often suppress the index set [/ 
by writing 

:= (V% V 

for all £,77 G V(f7). 

There is a one-to-one correspondence between afhne connections and covariant derivatives. 
It is determined by the local formula 

(V^H*) = d^(x)(e(x)) - Bt{rf{x),^{x)), 

where (V^) 1 ^, rf and £ v denote the local representations of the vector fields. As far as the 
vector field £ is concerned, (V^ry)(x) only depends on £(x). Therefore, it make sense to define 
V v rj for vectors v. 

Given a smooth curve a: J — >■ M, let 7: J — > TM be a lift of a to TM, i.e., a curve on 
TM satisfying 71-07 = a. The derivative 0/7 a/ong a is the unique lift V Q '7 of a to TM that 
in a chart tp: U ^ V C E has the expression 

(V^Hi) = (7W)-J& W (7^ («*)'(*))■ 

We also use the notation ^7 a '(t)7- A lift 7 of a is said to be a-parallel if V a '7 = 0. 

An affine connection induces parallel transport along smooth curves. For a curve 
a: J —> M and to, t\ G J, we denote it by 

P%(a):T a{to) M^T a{tl) M. 

It is a topological linear isomorphism and is defined by the property that for each v G T a ^M, 
the map 

is the unique curve in TM that is a-parallel and satisfies 7u(to) = w - I n any chart 
ip: U — > V C E, it then satisfies the linear differential equation 

(-tf)'(t) = ^ (t) ( 7 ^(t),K)'(t)) 

and it is uniquely determined by satisfying these equations for a collection of charts covering 
the curve a and by satisfying the initial condition 7^ (to) = v. Along piecewise smooth curves, 
we can define parallel transport, too, by composing it piecewise. 

A geodesic is a curve a in M whose derivative a' is a-parallel, i.e., V a /a' = 0. For each 
v G T X M, x G M, for which the unique maximal geodesic a v : J — > TM with a^(0) = v 
satisfies 1 G J, we define 

exp(f) := exp x (v) := a v (l). 

We denote the open domains of exp and exp x by V cxp C TM and T> cxPx C T X M, respectively, 
and get smooth maps exp : V cxp — >■ M and exp^, := exp \T x Mnv mp '■ '^ > cxp x — > M. Each geodesic 
a: J —> TM with a'(0) = v satisfies a(t) = exp(if). A manifold with an affine connection is 
called geodesically complete if the domain of each maximal geodesic is all of R. 
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Let V C T> exPx be an open neighborhood of in T X M =: E that is star-shaped with 
respect to (i.e., [0, 1]V C V) such that exp x induces a diffeomorphism of V onto its open 
image W. Then W is said to be a normal neighborhood of x. We call the chart 
tp := (exp jy 7 ) -1 : W — > V C E a normal chart at x. Normal neighborhoods do exist, as 
exp^, : T> exp — > M induces a local diffeomorphism at € T X M, since To exp x = id^M (cf. 
[LanOll Th! IV.4.1]). 

The definition of V can be extended to tensor fields of type A: {E\,E%) >-> C n {E\, -E^Q 
where C n (Ei, E2) denotes the space of n- linear continuous maps E™ — > Ei. There is a unique 
collection 

(V u : V(U) x TC n (TU,TU) -> TC n (TU,TU))ucM open 

of maps such that ((V Ui )^cj)\ U2 = (y u *)z\ a w\ Ua for all £ e V(C/i), w G r£ n (TE/i , IT/i ) , 
U 2 C C/i C M, and such that 

n 

((V^w^r/i, ...,%) = (V c/ ) $ (o;(r?i, . . . , 7/„)) - ^w(r/i, • • • , (y U )(Vi, ■■■,Vn), 

1=1 

where 771 , . . . , % denote any appropriate smooth vector fields. That is why we have a deriva- 
tion property with respect to the n + 1 variables w, 7/1, . . . , %. There will be no confusion 
when we shall often suppress the index set U. As far as the vector field £ is concerned, 
(Vgcj)(x) depends only on £(#). Therefore it makes sense to define V„u; for vectors v £ T X M, 
x € M. Then we have 

n 

(V t ,o;)(7/i(x),. . . ,r? n (x)) = V,,(o;(r/i, . . . ,r? n )) - ^ w(x)(r/i(x), . . . , V^,. . . ,rj n (x)). 

i=l 

The definition of V a / can be extended to lifts of a into C n (TM,TM): Given a curve 
a: J -> M and lifts w: J -)• £ n (TM,TM) and 71, . . . , 7„ : J -> TM of a, we denote by 
a; (71, . . . ,7 n ) the lift of a to TM defined by 

w(7i,---,7n)(*) = w(i)(7i(i),...,7 n (t)). 
The derivative of a lift oj along a is the unique lift V Q 'u; of a to C n (TM,TM) that satisfies 

n 

(V Q 'w)(7i, . . . ,7„) = V Q ,/(w(7i,...,7 n )) -^w(7i,...,V a /7i,...,7 n ) 

i=l 

for all lifts 71, ... ,7 n of a to TM. We also use the notation V a /(t)u;. Then we have 

n 

(V Q /( i )w)(7i(t), ... ,7n(i)) = V a / (t )(o;(7i, . . . ,7 n )) - ^a;(t)(7 1 (t), . . . , V a /( t )7 i , . . . ,7n(*))> 

i=i 

A lift w of a is said to be a-parallel if V a 'u; = 0. In this case, parallel transport along a 
commutes with ui in the sense that 

..,P%(a){v n )) = i^WM^K ■■■.*»)) 

for all to, t\ G J and ui, ■ ■ ■ ,v n € T a ( to )M. 

The following proposition brings the definitions together. 

This means a tensor field of contravariant degree 1 and covariant degree n. 
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Proposition 2.1. Let a: J M be a curve on a manifold M. Then we have: 

(1) For every smooth vector field n on M, the lift no a: J — > TM of a satisfies 

V a '(t)(?7 o a0 = V a '(t)V 

for all t G J. 

(2) For every tensor field co : M -> C n (TM, TM) on M, the lift coo a: J — > C n (TM, TM) 
of a satisfies 

V«'(()(w°a) = Vq^w 

/or t G J. 

Proof: Cf. [LanOll Cor. VIII.3.2 and Cor. VIII.3.6]. □ 

Further details can be found in [LanOH IV, VIII and X], but basically for the case of 
torsionfree connections. Cf. also [KN63J, [Kli82] and [Bcr08j for more material on connections. 

2.2 Affine Maps 

Given two affine manifolds (Mi, Si) and (M 2 ,B2), a map /: M\ —¥ M2 is called affine, 
if TTf o Bi = B 2 o (Tf Tf). Working with charts tpf. U x ->• Vi C E\ of M\ and 
(f2 : £^2 — >■ V2 C i? 2 of M2 such that f(U\) = U%, this can be written as 

^rcxjcv.^+^Cxjccsf )«(«,«;)) = (Bn/, w (rffww,rww) (i) 

for all x in the domain of the local representation ff : V\ — > V2 of / and v,u> € J5i. 

Affine maps are compatible with parallel transport along curves, i.e., T a ^f o P t x (a) = 
Ptoif a ) T a (t )f for all curves a: J — > M\ with to,t\ G J. Geodesies are mapped to 
geodesies. Further, we have T/(X> e xp,i) C X> ex p,2 and / o exp = expoT/. A consequence is 
that, given an affine map, its values on connected components are uniquely determined by 
the tangent map at a single point, i.e., given affine maps /, g: M\ — > M2 with T x f = T x g for 
some x G Mi, we have / = g if Mi is connected (cf. proof of |Nee021 Lem. 3.5]). 

Affine maps are compatible with covariant derivatives of related vector fields, i.e., 
Tf(V v rn) = V Tf{v) r] 2 for all v G TM\ and 7/1 G V(Afi), n 2 G V(M 2 ) with Tfo m = n 2 o f. 

2.3 Affine and Infinitesimal Affine Automorphisms 

Let (M, V) (= (M,B)) be an affine Banach manifold. A diffeomorphism / G Diff(M) is 
called an affine automorphism if it is affine. A vector field £ G V(M) is called an infinitesimal 
affine automorphism if each flow map FI| is an affine isomorphism. We denote the set of 
all affine automorphisms by Aut(M, V) and the set of all infinitesimal automorphisms by 
Kffl(M,V) or Kffl(Af,B). 

The property of a vector field £ G V(M) to be an infinitesimal affine automorphism can 
be checked locally: For a chart tp: U — > V C E of M, the local representation V — >■ -E 1 
must satisfy 

cf 2 ^(x)(t>,u>) + d£*(B£(t;,u;)) 
= d^(x)(^(x))(i>,^) +^(^(x)(i.),u») +B%(v,d€?(x)(w)) (2) 

for all a; G F and v,w e E (cf. [Klolll Rem. 3.10]). 
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We assume that M is pure, i.e., that it has a single model space E. Then the set 
Fr(M) := U x ^m 1so(E, T x M) (of topological linear isomorphisms) equipped with the projec- 
tion q: Fr(M) — > M, lso(E, T X M) 3 p \— > x carries the structure of a smooth GL(i?)-principal 
bundle with respect to the action 

p: Fr(M) X GL(E) -> Fr(M), (p, g) ^ p.g := p o g. 

More precisely, for each chart ip: U — > V Q E of M, the map 

Fr(v9) : Fr(CT) V x GL(E) CEx gl(E) 

lso(E,T x U) 3 p h-> (</?(x), d<p(x) o p). 

is a bundle chart of Fr(M), and we have 

g(Er(<p) -1 (<p(a;),5)) = x and Fr(<p) _1 (¥>(a;), g^) = Fr(^) _1 (^(x), g>i).g 2 

for all x G J7 and g,g\,g2 G GL(£7). The bundle Fr(M) is called the frame bundle over M. 
For further details, see [Bou07L 7.10.1]. 

A diffeomorphism / : M\ — > Mi of Banach manifolds (modelled on E) induces a principal 
bundle isomorphism Fr(/): Fr(Mi) —> Fr(M2) over / defined by Fr(/)(p) = T x f op where 

p€iso(^,r a .Mi). 

Proposition 2.2 (cf. [Kloll, Prop. 3.11 and Cor. 3.12]). Given an affine Banach manifold 
(M, V), the set Kill(M, V) is a subalgebra of the Lie algebra V(M) of smooth vector fields on 
M. If M is connected, Kill(M, V) can be turned into a Banach-Lie algebra whose Banach 
space structure is uniquely determined by the requirement that for each p G Fr(M), the map 



Kill(M,V)^T p (Fr(M)), ^ - 



Er(Flf)(p) 

t=o 



is a closed embedding. Then, for each x G M, also the map 

KiU(M, V) -> T X .M x C(T X M,T X M), £ ^ (£(x), v ^ V„£) 
is a closed embedding of Banach spaces. 

Theorem 2.3 (cf. [Kloll I Th. 3.14]). Let (M, V) 6e an ajffme Banach manifold. If it is 
geodesically complete, then all vector fields in Kill(M, V) are complete. 

Theorem 2.4 (cf. [Kloll I Th. 3.15]). Let (M, V) be a connected affine Banach manifold that 
is geodesically complete. The automorphism group Aut(M, V) can be turned into a Banach- 
Lie group such that 

exp: Kffl(M, V) -> Aut(M, V), £ i-> Fl~ € 

is its exponential map. The natural map r: Aut(M, V) x M ^ M is a smooth action whose 
derived action is the inclusion map Kill(M, V) ^ V(M), i.e., — Tr(idjv/ , x)(£, 0) = £(x). 

3 Local Integration of Maps between Tangent Spaces to Affine 
Maps 

Let (Mi, Vi) and (M2, V2) be affine Banach manifolds with distinguished points b\ G M\ and 
62 G M2 called the base points. A continuous linear map A: T^Mi — > T^Mi between the 
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tangent spaces at the base points is called locally integrable if there exists an affine map / 
from an open neighborhood of b\ into M2 that satisfies T^f = A. 

The main result of this section is that for affine manifolds with parallel torsion and 
curvature tensors, such a map A is locally integrable if it intertwines these tensors in the base 
points. The proof given here is close to that of O. Loos for the finite-dimensional case (cf. 
[Loo691 pp. 104-111]). 

3.1 Torsion and Curvature Tensor 

Let (M, V) be an affine Banach manifold. There exists a unique tensor field Tor of type 
A : (-Ei, -E2) £ 2 {E\, E2) on M such that for any open set U in M and smooth vector fields 
£, 77 on U, we have 

Tor(e,r?) = V^- 77]. 

We shall call Tor the torsion tensor. Given a chart ip: U — > V C E, a point x £ V and 
vectors v,w £ E, we have 

Tor^(v,w) = B%(v,w) — B%(w,v). 

The torsion tensor Tor is skew-symmetric, i.e., Toi x (v,w) = — Toi x (w,v) for all x £ M and 
v, w £ T X M. If it is identically zero, then the affine connection is called torsionfree or also 
symmetric (and can then be described by using a spray, cf. [LanOll IV, §3] or |Ber081 III. 11]). 

There exists a unique tensor field R of type A : (E\,E2) C 3 (Ei, E2) on M such that 
for any open set U in M and smooth vector fields £, 77, £ on [/, we have 

R(t,v,0 = v e %c - %v e c - 

We shall call i? the curvature tensor. Given a chart f7 — > V C a point x £ V and 
vectors v,w,z £ we have 

+ dB v (ar) («;)(*,«) - dB v (z)(u)(«, 10). 

The curvature tensor is skew-symmetric with respect to the first two arguments, i.e., 
R x (v,w,z) = —R x (w,v,z) for all x £ M and v,w,z £ T X M. For further details, see [LanOH 
IX, §1]. 

Every affine map / between two affine Banach manifolds (Mi,Vi) and (M^Vz), inter- 
twines the torsion and curvature tensors in the sense that 

T x f o (Ton), = (Toi 2 ) fix) o (T x f) 2 and T x f o (i?^ = (i? 2 ) /(:r) o (T x f) 3 

for all x £ Mi. This can be checked by working with charts. 

3.2 Exterior Derivatives and Wedge Products 

Let M be a Banach manifold and F a Banach space. The exterior derivative of an F-valued 
n-form uj on M is the unique -F-valued (n + l)-form da; on M such that for any open set U 
in M and smooth vector fields £o> • • • > £n on U, we have 

dw(£ , • • • ,£n) 

n 

= ^{-lytiMZo,..., &,...,&)) 

i=0 

+ ^(-i) i+ M[^^],eo,...,^...,5,...,^)- 
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Given a chart (p: U — >• V C E 1 , its local representation (dw) 1 ^ is given by 

n 

(dw)£(v , . . • , t> n ) = ^(-l) i da;' / '(x)(t> i )(vo, ...,Vi,..., v n ). 

i=0 

with x G V and vectors uo, . . . , G i?H For every form oj, we have ddw = 0. 

Let uj\ and cj 2 be differential forms of degree ri\ and n 2 on M with values in F\ and F%, 
respectively, and let f3: F\ x F 2 — > F be a continuous bilinear map into a Banach space F. 
The wedge product uj\ Ap 0J2 of uj\ and w 2 is defined as the F-valued (ni + n 2 )-form on M 
given by 

(Wi W 2 )x(vi, . . . ,V ni+rl2 ) 

= r, U, I X] S g n ( Cr )/ 3 (( W l)^K(l),---,V (T(ni) ),(a;2)xK(n 1 +l),---,^(n 1 +n 2 )))- 

For its exterior derivative, we have the formula 

d(wi W2) = dwi a; 2 + (-l) ni wi A^ dw 2 . 

Pull-backs are compatible with exterior derivatives and wedge products, i.e., given a 
smooth map / : iV — > M of manifolds, we have formulas like 

d(f*u>) = f*(du) and /* (wi A^ w 2 ) = f*u x Ap fuj 2 . 

For further details, cf. [LanOl) V, §3] concerning real-valued differential forms where (3 is the 
multiplication in M, and cf. |Bou071 8.3-8.5] concerning the general case. 



3.3 Structure Equations 

Throughout this section, let (M, V, b) be an affine Banach manifold M with a point b G M 
called the base point. Let (p: W — > V C T^M =: S be a normal chart at 6. The base point 
b can be joined with each x G W by a uniqu^l geodesic a x : [0, 1] — > W. It is given by 
&x{t) '■= exp 6 (^(x)). Consequently, the exponential exp^ of the open submanifold W is 
given by exp 6 \ v . 

Given a vector v G 7&M, we define the smooth vector field 

v* : W -> TM, x ^ P^^O) 

and call it an adapted vector field. Note that, for each x G M, the tangent space T X M is 
given by {v*(x): v G Tj,M}. For working in the chart 92, we define v* : V — > E for each 
v G .E such that is the local representation of v* where v := Tip~ 1 (0,v). We shall define 
several differential forms on W that describe the affine structure. The correctness of the 
following definitions can be checked by working with local formulas. The map 6 is defined as 
the Tf,M-valued 1-form on W given by 

e x = P?(a x ):T x W ^T b M, 

2 The local representation uj v : V — > Alt n (_B, F) of the n-form to can be considered as a Banach space valued 
map with derivative duj^ : V -* C(E, Alt n (_B, F)). 

3 Indeed, given a geodesic a: [0, 1] — ► W with a(t) := exp b (tv) and v € T b M that joins 6 with x = exp b (v), 
its local representation maps the interval [0, 1] onto a compact set in V, so that there is a A £ [0, 1[ such that 
a^flO, 1]) C AV. If v <£ V, then there is a t € [0, 1] with tv £ V\XV, so that a*(t) = ip(exp b (tv)) = tv € V\XV 
contradicts Q*'([0, 1]) C XV. Hence v lies in V, so that v = <p(x). 
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and the connection form oj is defined as the C(T b M, T;,M)-valued 1-form on W given by 

co x : T X W C(T b M,T b M), w x (v)(w) := 9 x (V v w*) 

with local representation 

^:E^C(E,E), u>£(v)(w) := 9i[dw*(x)(v) - B?(w*(x),v)) . 

The torsion form is defined as the T b M- valued 2-form on given by 

6 X : x T X W -> T b M, & x (v,w) = O x (Tor x (v,w)), 

and the curvature form 0, is defined as the C(T b M, Tf,M)-valued 2-form given by 

Vt x : T X W x T X W -> £(T 6 M, T b M), Q x (v, w){z) := a (^(u, z*(x))) . 

Notice that the alternating properties are due to Tot x (v,v) = and R x (v,v, •) = 0, respec- 
tively. Now, we can formulate the structure equations that describe the affine connection. 

Proposition 3.1 (Structure equations of E. Cartan). Let ev denote the evaluation map 

ev: C(T b M, T b M) x T b M -> T b M, (A,v) ^ A(v) 
and r the composition map 

T: C(T b M, T b M) x C(T b M,T b M) C(T b M,T b M), (A, B) ^ AoB. 
Then the following equations hold: 

(1) d# + wA cv # = G. 

(2) duj + co Ar to = 0. 

Proof: For all u € T b M, we put evt, := ev(-,u). In the following, given any maps 
f,g: W -> C(T b M, T b M) and h: W -»■ T fe M, we denote by ev(f,h): W -»■ T b M, 
ev„(/): W -»• T fe M and r(/,g): W -> C(T b M, T b M) the maps defined by ev(f,h)(x) := 
ev(/(jc),/t(x)), ev„(/)(s) := ev v (f(x)) and T(f,g)(x) := T(f( x),g(x)) , respectively. 

(1) The proof works as in the finite-dimensional case (cf. [Loo691 p. 106]). It suffices to 
show that, given any vectors v,w £ T b M, we have 

d%*,w*) + (w A 0)0*,™*) = @(v*,w*). 

We observe 

d0(u*,u;*) + (oj A9)(v*,w*) 

= (v*).(9(w*)) - (w*).(9(v*)) - 9([v*,w*}) + ev(u(v*),6(w*)) - ev(u(w*), 9(v*)) 
= O-O-9([v*,w*]) + 9(V v *w*)-0(y w *v*) = 6(-[v*,w*] + V v *w* - V w *v*) 
= 6(Tor(v*,w*)) = @(v*,w*), 

since 6(w*)(x) = w and 9{v*){x) = v. 

(2) Cf. |Loo69| pp. 106, 107] for the finite-dimensional case. There, vector fields on W can 
be represented by J r (W / )-linear combinations of adapted vector fields, where J-{W) denotes 
the algebra of real functions on W . 
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It suffices to show that, given any vectors v,w,z € T b M, we have 

evz^daj^v* ,w*)) + ev z ((uj Alj)(v* ,w*)) = ev z (Q(v *, w*)). 

We observe 

ev z (du(v*,w*)) = ev z ((vnM^*)))-ey z {(w*)Mvl))-ev z (.u;([v*,w*})) 
= ev z ((v*).{u(w*))) ~ ev, {(w*).{u(v*))) - ^V^p*) 

and 

ev a (n(uW)) = w* , z*)) = 6(V V * V w *z* - V w * V v *z* - V [v ; w .]Z*), 

so that we have to show 

ev z ((v*).(u(w*)j) - ev z ((w*).(u(v*)j) + ev z ((w A 
= 0(V„*V„,*,z* - V^-V^z*). 

Since 

ev z ((LuALu)(v\w*)) = ev z (r(o;(«*),w(«;*))-r(a;(«;*), 
it suffices to show 

ev z ((«*).(w(w*))) + ev*(r(w(i;*),w(«;*))) = 0(V„*Vw*), 

because then the same equation holds if v and w are interchanged. We have 

ev z ((v*).(u(w*))) = ev z (d(uj{w*))ov*) = d( ev z (w(w*))) o v* = d{6{V w *z*)) o u* 

and 

ev*(r(w(0,wK))) = ev(w(«*),e(V w .z*)). 
Abbreviating the vector field V w *z* by £, we have to prove 

d(6(0)ov* + ev(u(v*),e(0) = <9(V w .O- 
Working in the chart </?, we shall show 

for all x £ V, where ^ := (w*) v (x). Putting u := 0g(£V(x)), we have = 
Computing the left hand side by applying the product rule to the first summand and the 
formula for <x>% to the second one, we obtain 

(d0*(aO(t;*))^^ 

Therefore, we merely have to verify 

{d9^{x){v- x )){u*{x)) + et{du*{x){v- x )) = 0. 

Applying the product rule backwards yields the equivalent equation d(9' fi (u*))(x)(vx) = 0, 
which is true, since the differential vanishes, the map ^(u*) being constant. □ 

Now we put V := {(t, v) G R x T b M : tv € V} and consider the map <3? : V — >■ VP defined 
by := exp b (ii;). Its derivative is given by 

T (M) $(i>') = T tv exp b (t'v + tv') = t'T tv exp b (v) + tT tv exp b (v'). (3) 
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Given (t, v) € V, we have 

v* (exp b (tv)) = ^exp b (tv) = T tv exp b (v) (4) 

and hence 

(T tv exjp b (v)) = v. (5) 

Let us denote the projections from V C R x T b M onto its components by Ar and \T b M- 
Sometimes, we shall use these symbols also for the projections from all of R x T b M, but there 
will be no confusion. 

Lemma 3.2. Let 9 : V -4 £(R x T b M, T b M) be the T b M -valued 1-form defined by 

6(t,v){t',v') := t6 cxPbitv) (T tv exp b (v')) 

andQ:V -4 £(M x T b M, C(T b M, T b M)) the C(T b M,T b M) -valued 1-form defined by 

U(t,v)tf,v') : = tu exPb( t v )(T tv exp b (v')). 

Then we have 

(1) $*e = X TbM d\ R + 9: V -> £(R x T fe M, T 6 M) and 

(2) $*w = D: F^£(RxT 6 M,£(r 6 M,r 6 M)). 

Proof: The proof works as in the finite-dimensional case (cf. }Loo69, p. 107]). 

(1) By using ([3]) and ©, we get: 

(<S>*9) (ttV) (t',v') = 9 H ^ v) (T it ^(t',v')) 

= ex Pb (tv) (t'Ttv exp 6 (u) + tT tv exp 6 (V)) 

= ^6exp b (tv) i T tv exp fe (u)) + t9 exPb( t v ) {T tv exp b (v')) 

= t'v + 9(t,v)(t', v'). 

(2) By a simple computation, as in the proof of (1), we get 

ex Pfe(^)) + tui exp b (tv) ( T tv exp(u')) 
= *'^e3cp 6 (tw)(^«exp 6 (i;)) + u3 (t)l / ) (*',?/). 

It remains to check that the first summand vanishes. For every z € T b M, we have 

vCxp b (v) Z ) 

with the geodesic a: [0,t] — > W defined by a(t) := exp b (tv). It suffices to show V a '(t)Z* = 0. 
This is true, as z* o a is a-parallel. □ 

Remark 3.3. Evidently, we have 

(M) (t',O)=O and 0) = 0. 
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Lemma 3.4. The partial derivatives d\9 and d\Cj can directly be expressed in terms of the 
exterior derivatives d9 and du), respectively. We have 

(1) d x d{t,v){t> ,v>) = (d?) (t)t;) ((l,0),(t> / )) and 

(2) d x €j{t,v){t' ,v') = (dfD) M ((l,0),(f,B')) 
for all (t, v) e V and (if, v') G R x T 6 M. 
Proof: We have 

(d% v) ((1, 0), (Y, v')) = d9(t, v)(l, 0)(t',v') - d9(t, v)(t',v')(l, O),0 

Since f)(l, 0) = d\9(t, v), the minuend equals d\9(t, v)(t', v'). The subtrahend vanishes, 
as 

d9(t, v)(t',v')(l, 0) = d(ev (liQ) o9)(t, v)(t', v') 

and ev( 1)0 ) o9 = by Remark 13.31 where evnm : £(R x r&M, T&M) — > T^M denotes the 
evaluation map A \— > A(1,0). This proves (1). An analogous argument shows (2). □ 

Proposition 3.5. The forms 9 and Q satisfy the system of ordinary differential equations 

d 1 9(t,v) = \ TbM + Q { t, v )-v + ($*&) it!v) ((l,Q),-) (6) 
dMt,v) = ((1,0),-) (7) 

with initial conditions 9(0, v) = and u>(0, v) = 0, where 0J(t v ) ' v 6 £(R x TbM, T^M) denotes 
the map defined by 

-vW,^) :=Q {tiV) {t',v')(v). 

Proof: Cf. |Loo69t p. 108] for the finite-dimensional case, where basic representations of 
differential forms are used. The main idea is to take the pull-back of the structure equations 
by <£. The initial conditions are obvious by the definition of 9 and Q (cf. Lemma l3.2p . 
(|6|): From Proposition 13 . 1 f 1 ) and Lemma 13.2( 1). we obtain 

d(X Tb MdX^ + 9) + Q A cv {X TbM dX^ + 9) = $*9. 

Expressing Xx b M dX R by the wedge product Xx b M A m dX^., where m : T^M x R — > T^M denotes 
the scalar multiplication, we have 

d{Xx b M dXu) = dXx b M A m dXfi + (— l) Q Xx b M A m d(dAR) = dXx b M A m c?Air,EI 

so that 

dX Tb M A m dXm. + d9 + Q A cv (X Tb M dX R ) + Q A ev 9 = <£>*9. 
We shall evaluate this at (i, v)((l, 0), (t' ,v')): The first summand yields 

(dx TbM A m dx R ) (t , v) ((i , o) , (t' y )) 

= dA TfcM (i, «)(1, 0)dAn(t, *;)(*', </) - dXx b M(t, v)(t', v')dX R (t, v)(l, 0) 
= Ot'-t/l = -t/ 

4 Note that the 1-form 6: V —¥ £(R x T b M, TbM) can also be considered as a Banach space valued map 
with derivative dO. 

5 Note that the maps Ar and At 6 m can be considered as Banach space valued maps as well as 0-forms, but 
that the derivatives dAg and dAr t M are equal to the exterior derivatives dAu and dAT b A/- In particular, we 
have d(dA R ) = ddA R = 0. 
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and the second one yields d\0(t, v)(t', v') by Lemma 13, 41 The third summand yields 

(2 A cv (X TbM dX R ))(t, u)((l, 0), (t',v')) 

= uj (t , v) (l, 0)((X Tb M d\ m )(t, v)(t', v')) - Q (t , v) (t\ v')((X TbM d\ R )(t, v)(l, 0)) 

= -U( t ,v)(t',v')(v), 

since u)r tjV \ (1,0) = by Remark 13.31 and the last one yields 

(5A c J)(M)((l,0),(t>')) = ^(l.Oj^^t/))-^,^!/)^)!!^)) = 0, 
since GJr tjV \(l,0) = and 0r tjV \(l,Q) = by Remark 13.31 We thus arrive at 

-v' + dx0(t, v)(t', v') - uj (t>v) (t', v')(v) = (**0) M ((1,0), (t',v>)), 

which entails (0). 

(|7|): From Proposition 13 . 1 f 1 ) and Lemma 13.2( 1). we obtain 

We shall evaluate this at (t, v )((1, 0), (t' , v')): The first summand yields d\U)(t,v)(t\v') by 
Lemma 13.41 The second one yields 

(Q A T u))(t,v)((l,0),(t',v')) = cD( t)U) (l,0) ow( f) „)(t',n') -a5(^)(t',u') ow (M) (l,0) = 0, 

since 2( tj „)(l,0) = by Remark 13.31 Therefore, we obtain (JJJ). □ 

Corollary 3.6. 7/ i/ie torsion tensor Tor and i/ie curvature tensor R both are parallel on W , 
i.e., Vy Tor = and V V R = for all vectors v G TW , then we have 

di9(t,v)(t',v') = v' + u)( t)V )(t' ,v')(v) + ToT b (v,6(t, v )(^y)) and 

d^{t,v){t' , v ') = R b (v,e (tiV) (t',v'),-) 

for all (t, v) G V and (t', v 1 ) G R x T b M. 

Proof: The proof works as in the finite-dimensional case (cf. [Loo69l p. 109]). We shall prove 
these assertions in two steps. 

Step 1: Observe that Q(v*,w*)(x) = Tor b (v,w) and Q(v*, w*)(x) = R b (v,w,-) for 
all x G W and v,w G T b M. Due to @{v*,w*) = 6(Tor(v* ,w*)) and n(v* ,w*){x){z) = 
9(R(v*,w*,z*))(x) (given z G T b M), it suffices to show that Tov(v*,w*) and R(v*,w*,z*) 
both are parallel along each geodesic a x (see above) emanating from b, but this is true, as 
the curves v* a ct x , w* o a x and z* o a x are a^-parallel and as parallel transport commutes 
with parallel tensors (cf. Section \2.1\i . 

Step 2: Observe that ($*G) (t) „)((l, 0), (tf, u')) = Tor fe (u, (i', u')) /or aZZ G V" 

and (i',?/) EKx T fe M, as well as 0), (i', v')) = R b (v,6( tjV) (t',v'),-). By Step 1, 
we have 

((i,o), (tV)) = n*(t,«)(r ( t,,)*(i, o), T (ti „)$(t', «')) 

= «6 (^ ( M) $ ( 1 > o) ) , 0* (t) „) (r (t)B) $ (*', t/)) , ■) 

i R b (v,($*0) m (t',v'),-), 
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This equals Rf,{v,t'v + Qn v \[t',v'\-) by Lemma 13.21 which entails the assertion, since 
t'R b (v,v,-) vanishes, the curvature tensor being skew-symmetric with respect to the first 
two arguments. Similarly, we have 

(**e) (M0 ((l, 0), (f , v')) = Q H t,v)(T( ttV) $(l,0),T m $tf, v')) 

= Ton (^^^(M)),^^^^.!/))) 

i Tor b ( W) ($*%,,) (t',z/)), 

which equals Tor^u, t'v + 6(t ;V \(t' ,v')) by Lemma 13.21 and entails the assertion, since 
t' Toii,(v, v) vanishes. □ 

3.4 Affine Maps between Normal Neighborhoods 

Throughout this section, let (Mi, Vi, &i) and (-M2, V2, 62) be affine Banach manifolds with base 
points. For the sake of readability, we shall usually suppress the indices for V. Let W\ and 
W2 be normal neighborhoods of b\ and 62, respectively, and let ip\ : W\ — ^ V% C T bl M =: E\ 
and (/?2 : W2 -> V2 C T b2 M =: E2 be the associated normal charts. We denote the maps 
defined in Section 13.31 with supplementary indices. A map / from a base-point containing 
subset of M\ into M2 is said to be base-point preserving if f(b\) = 62. 

The following proposition characterizes affine maps between normal neighborhoods by 
means of the forms 6 and Q. 

Proposition 3.7. Let f : W\ —> W2 be a base-point preserving smooth map. Then the fol- 
lowing conditions are equivalent: 

(a) The map f is affine. 

(b) The map f is compatible with adapted vector fields and covariant derivatives of adapted 
vector fields, i.e., we have 

Tfow* = (T bl f(w))*of and 
T x f(V v w*) = V Txf{v) {T b J{w)Y 

for all x G W 1; v G T x M l and w G T bl M 1 . 

(c) We have 

TbJoiO^ = (f*e 2 ) x and 

%Jo (wi ) x (v) = {f*u) 2 )x{v) oT b J 

for all x G W\ and vectors v G T X M\ . 

(d) We have 

(T bl f)(Vi) C V 2 and f o exp fel \V\ = exp ba oT b J\ Vl , 

so that 

B: Vi ^V 2 , (t,v) ^ (t,T bl f(v)) 
defines a map. The equations 

TbJ ° (0i)( t , v ) = (B*9 2 )( t ,v) and 
T bl fo(Q 1 ) (t>v) (t',v') = (B*Q2)(t,v)(t',v')oT bl f 



hold for all (t,v) G V\ and (t',v') elx T 6l Mi. 
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Proof: Cf. [Loo69, pp. 109-110] for the finite-dimensional case. 

(a)=^(d): In a first step, we shall deduce (b). Given any x € W±, the geodesic / oa x joins 
(/ ° Oi x )(0) = b 2 with (/ o a x )(l) = f(x) and is therefore equal to otfr x ). We have 

(Tfow*)(x) = Tf(P'(a x )(w)) = P£(foa x )(Tf(w)) 
= pi(a f{x) )(Tf(w)) = (Tf(w)r(f(x)), 

i.e., / is compatible with adapted vector fields. Then w* and (T bl f(w))* being /-related, 
also the second equation in (b) holds. We shall now deduce (c). Similarly to the preceding 
considerations, we obtain 

T b Jo(9 x ) x = T b JoP°(a x ) = P°(a m )oT x f 

= (%)orj = (f*e 2 ) x , (8) 

which shows the first equation in (c). Given any w € T bl M, we have 

(njo^uvVH = nji^uw)) = (e 2 ) f{x) (T x f(v v w*)) 

= (02) m (yT xf ( v )(T bl f(w)r) = (u 2 ) f{x) (T x f(v))(T bl f(w)) 
= (f*u; 2 ) x (v)(T b J(w)), 

which shows the second equation in (c). Finally, we shall deduce (d). As, for i = 1,2, the 
exponential expj^' of Wi is given by exp bi we have 

(T bl f)(Vi) C V 2 and / o exp 6i \V% = exp 6a oT bl f\ Vl . 

A simple computation shows $2 B = f o $1. Hence, it follows that 

= mn))^) = (s*($^ 2 )) M , 

i-e-, 

by Lemma 13.21 As it is easy to check that 

o (At 6i m! ^A R )(^) = (5* (At 62 m 2 )(t,v)> ( 9 ) 
we obtain the first equation in (d). The second one follows by 
Tfc/o^fci^CtV) = r 6l /o(a;i)* l(t)1>) (r (t>1 , ) $i(t , ,t/)) 

= (^(/v^w^O^j = (B*(*5w 2 )) (t)1 , ) (t / y)oT fcl / J 

since we have ^Jwi = w\ and <I>2^2 = ^2 by Lemma l3.2i 

(d)^(c): By adding © and T b J o (? a ) (t>w) = (B*0 2 )( t , v ), we get 

r^/o^)^ = (B*(^0 2 )) {M) , 

for all e Vi, due to Mi d\^ + 0i = $*0i and Xr b M 2 d\^ + 6 2 = & 2 2 (cf. Lemma [33]) . 
As above, we have $ 2 B = f o $ l5 so that £*(<3?202) = ^t(f*0 2 ) and hence 

Tk/ o (01)$!^) o T (tjl) )$i = (f*9 2 )^ 1 (t,v) T (t,v)$i 
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for all (i, v) G V\. In order to show T bl f o {9\) x = {f*02)x, we put t := 1 and v := ipi(x), 
which entails $i(t,v) = x. Then we have 

njotfihoT^t = (f*9 2 ) x oT {1)V) ^ 1 . 

Therefore, it suffices to show the surjectivity of Tn v \$i. In fact, even the partial map 

Tn v \$i(Q, •) = T v exp bl is surjective, the exponential exp bl being a diffeomorphism. Let us 
now deduce the second equation in (c). Prom the second equation in (d) and from $*cji = Q\ 
and $2 W 2 = ^2 (cf. Lemma l3.2p . we immediately obtain 

njo^X^)^'^') = (B*($* 2 u; 2 )) {t>v) (t',v')oT b J 
for all (t,v) G V and (t',v') eRx T bx M x . Due to B*{<5>* 2 uj 2 ) = $J(/*w 2 ), we then have 

Tbjo (t^T^^iit^v')) = (f*u 2 )<i >1 (t,v)( T (t,v)$ltf> v ')) oT b J. 

In order to show 

T bl fo (ui) x (w) = (f*u 2 ) x (w)oT b J 

for arbitrary x G W\ and u; G T x Mi, we put i := 1 and v := 931(2;), which entails 3>i(i, v) = x. 
Further, we put t' := and choose v' in such a way that Tn v \$i(Q, v') = w, which is possible, 
the map Tj^ ^$1(0, •) being an isomorphism (see above). 

(c)=^(b): Given any x G Wi, we deduce from the first equation in (c) that T bl f oP^(a x ) = 
P\i a f{x)) T x f, which is equivalent to P 1 (aj( x )) o T bl f = T x f o P^(a x ). Evaluating the 
two sides at any w G T bl M\ and respecting that this holds for all x G W\, we obtain 
(T bl f(w))* o f = Tf o w*, i.e., the first equation in (b). We shall deduce the second one. 
Given any x G W\, v G T X M\ and w G T bl M\, we evaluate both sides of T bl f o (uj±) x (v) = 
(f*uj 2 ) x (v) o T bl f at w and obtain 

njmuvvw*)) = (e 2 ) nx) (v Txf(v) (T bl f(w)r). 

Since T bl f o (9\) x = (f*0 2 ) x by (c), the left hand side equals (#2) f( x )(T x f(V v w*)), so that we 
have 

T x f(V v w*) = V Txf(v) (T bl f(w)y, 

the map (0 2 )f( x ) being an isomorphism. 

(b)=>(a): Given any pair ((fi,(f 2 ) of charts (p%; U tpi — > V Vl C E\ of W\ and 
ip 2 : U V2 — > V V2 C E 2 of W 2 such that f(U Vl ) C £7^, we shall verify that 

d 2 r(x)(^,u))+^(s)(( J sr) s (^^)) = ( J Br 2 )/-( S) (^(x)(^),dr(x)(«))) (10) 

for all x G V Vl and w G We put x := (^^(x), v := T(/?j~ 1 (x, u) and w; := 

T99^ 1 (x,?D). From (b), we know that the smooth vector fields r/i := ((0i) x (v))* and r} 2 := 
(TbJi^Uv)))* satisfy 

Tf orj 1 =rj 2 o f and T x f(V w m) = V Txf{w) r] 2 , 

so that working in the charts lets us know 

rf 2 r(S)« 1 (S),^)+^^)W 1 (S)(^)) = <fyf (r(x))(d/^(x)(«;)) 
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(where we have taken the derivative at x in direction w) and 

dF{x){drj?{x)(w) - (B^) s ( v fi(x),w)) 

By subtracting the latter equation from the former one, we obtain 

d 2 r(x)( V r^),w)+dr(x)((Bf%( V r(x),w)) 

= (B^) fm {r,r(r(x)),dr(x)(w)), 
which leads to (fTUj) . since ^(x) = v and rj^ 2 \x)) = df v (x)(v). □ 

Theorem 3.8. Assume that the torsion and curvature tensors Tori, Tor2, R\ and R2 of 
(Mi, Vi, b±) and (M2, V2, 62) are parallel on W± and W2, respectively, i.e., we have V„ Tori = 
and V V R\ = for all v 6 TW\ and V„ Tor2 = and V V R,2 = for all v € TW 2 - Then, for 
each base-point preserving smooth map f : W\ — > W2, the following conditions are equivalent: 

(a) The map f is affine. 

(b) The map f intertwines the torsion and curvature tensors in the base points and the 
exponential maps exp fel \v ± and exp &2 \y 2 , i.e., we have 

T b Jo (Ton) fcl = (Tor 2 ) fc2 o {T b jf and T h J o {R{) bl = (R 2 ) b2 o (T b jf 

as well as 

(T bl f) (Vi) C V 2 and f o exp 6i | Vi = exp &2 oT bl f\ Vl . 

Proof: The proof works as in the finite-dimensional case (cf. |Loo69l p. Ill])- Note that 
O. Loos there claims a stronger result (cf. Rem. I3TT0|) . 

(a) =>(b) is clear. 

(b) =>(a): It suffices to show Condition (d) of Proposition \37f\ i.e., 

T 6l /-£i = B*6 2 and 
T 6l /-o5i = B*u)2 ■ T bl f, 

where • denotes the appropriate maps. To verify these equations, we pursue the idea to show 
that the pairs (T bl f-6i,T bl f-u)i) and (B*02, B*uj2 ~T bl f) satisfy the same system of ordinary 
differential equations with initial conditions. Then they are equal by the Uniqueness Theorem 
(cf. |LanOH pp. 70, 72]). We claim that (T bl f ■ 0i,T bl f ■ cDi) satisfies the two equations 

Si(T 6l /-0i)(M)(tV) (11) 

= T b J(v') + (nj-Q^v^t^v'^v) + (ToT 2 ) b2 (T bl f(v), (T b J • 0i)(f, v)(t' , v')) 
d 1 (T bl f-Q 1 )(t,v)(t',v') = (R 2 ) b2 (T bl f(v),(T b J ■6 1 )(t,v)(t',v'),-) oTJ (12) 

with initial conditions (T bl f ■ 9i)(0,v) = and (T bl f ■ u>i)(0, v) = for all (t,v) € V\ and 
(t', v') G R x T bl Mi. We further claim that (-B*# 2 , B*Q 2 • T bl f) satisfies the two equations 

d x {B%)(t,v)(t' ,v') (13) 

= T b J(v') + (B*Q 2 ■ T bl f)(t,v)(t',v')(v) + (ToT 2 ) b2 (T b J(v), (B*9 2 )(t, v)(t', v')) 
d\(B*U2 ■ T bl f)(t, v)(t', v') = (R 2 ) b2 (T bl f(v),(B%)(t,v)(t',v'),-)oT b J (14) 
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with initial conditions B*9 2 (0,v) = and (B*Q 2 • T bl f)(0,v) = 0. It suffices to check the 
equations (|lip - (|14p . Note that the initial conditions follow by the mere definitions of the 
respective maps. 

By Corollary 13.61 we have 

di(T bl f ■9i)(t,v)(t' ',v') = {njodO^vW^v') 

= T bl f(v' + (Qi\ t>v) (t', v'){v) + (Ton) bl (v, (§i) (t)1>) (If, v'))) , 

which equals 

T b j(v') + (T b J ■ QJfavXtyHv) + (Tor 2 ) b2 (T bl f(v), (T b J ■ B^v^t' ,v'))) , 

as the map / intertwines the torsion tensors in the base points. Thus (jlip is shown. Similarly, 
(fT2j) holds, since we have 

d^nj ■uj 1 )(t,v){t',v') = T b Joduj x {t,v)(t',v') 

= T fe Jo(i^6>,(0i)(M)(*V),-) 

= (R 2 ) b2 (T bl f(v), (T b J ■ ex)(t,v)(t', v'), •) o T b J, 

the map / intertwining the curvature tensors in the base points. 

The map B being a restriction of the continuous linear map ids xT bl f, we have 

d 1 (B%)(t,v)(t',v') = (B* (8162)) (t, v) (t', v') = d 1 9 2 (B(t,v))(t',T b J(v% 
which equals 

T bl f(v') + (Q 2 )B(t,v)(t',T bl f(v'))(T bl f(v)) + (Tor 2 ) b2 (T bl f(v), (e 2 ) B{t>v) (t',T b J(v'))) , 

by Corollary 13.61 i.e., 

T b J{v') + (B*Q 2 ■ T b J)(t,v)(t',v')(v) + (ToT 2 ) b2 (T bl f(v),(B*e 2 )(t,v)(t',v')). 

Thus ()13p is shown. Similarly, (|14p holds, since we have 

d 1 (B*Q 2 -T bl f)(t,v)(t',v') = (B , (a 1 S 2 ))(t,,;)(i', ! )>r tl / 

= a!S 2 (B(M))(t',T 6l /K))oT 6l / 

= (R2) b2 {T bl f(v),(e 2 ) B{t ^(t',T bl f(v')),-)oT b J 

= (R 2 ) b2 (T bl f(v),(B*e 2 )(t,v)(t',v'),-)oT bl f. 

□ 

Corollary 3.9 (Local Integrability) . We assume that the torsion and curvature tensors Tori, 
Tor2, R\ and R 2 0/ (Mi , Vi , 61 ) and (M 2 ,V 2 ,b 2 ) are parallel on certain neighborhoods of b\ 
and h 2 , respectively. For every continuous linear map A: T bl M\ — > T b2 M 2 that intertwines 
the torsion and curvature tensors in the base points in the sense that 

A o {Torx) bl = (Tor 2 ) fe2 o A 2 and A o (fl x ) bl = (R 2 ) b2 o A 3 , 

there exists an affine map f from an open neighborhood ofb\ into M 2 that satisfies T bl f = A. 
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Proof: We make the normal charts ip\ : W\ — > V\ C E\ and <f2 '■ W2 — > V2 Q E% sufficiently 
small so that i?i and R2 are parallel on W\ and W2, respectively. If necessary, we again 
shrink W\ such that A(Vi) C V2. We define /: W\ — > W2 by / := exp fea oA o ^ and have 

/oexp bl | yi = exp b2 oA| Vl , (15) 

due to cpi = (exp fel I^T 1 ) -1 . It suffices to check T bl f = A, as then the map / is affine by 
Theorem l3.81 By taking the derivative of both sides of (fT5|) at 0^ in any direction v € T bl Mi, 
we obtain 

T bl f(T 0bi exp bi (v)) = T A(0bi) exp b2 (dA(0 bl )(v)). 

Due to To b .exp fe . = id^.A^ for * = 1)2, we then have T bl f(v) = A(v), the map A being 
continuous linear. Thus, T bl f = A indeed holds. □ 

Remark 3.10. In |Loo69j . O. Loos claims that in the finite-dimensional case, every linear 
map A that intertwines the torsion and curvature tensors in the base points can be extended 
to an affine map on any given normal neighborhood provided (-M2, ^2,02) is complete. Re- 
grettably, his argument seems to be incomplete. 

4 Integration of Maps between Tangent Spaces to Affine Maps 

Let (Mi, Vi,&i) and (M2, V2,&2) be affine Banach manifolds with base points. A continuous 
linear map A: T bl M\ — > T b2 M2 between the tangent spaces at the base points is called 
integrable if there exists an affine map /: Mi — > M2 that satisfies T bl f = A. If Mi is 
connected, then the map / is unique if it exists. 

When knowing that A is integrable on a neighborhood of b±, we aim at global integra- 
bility by the extension of local integrals along piecewise geodesies. The main result of this 
section is that for 1-connected Mi and geodesically complete M2, a locally integrable map 
A: T bl M\ —7- T b2 M2 is integrable if and only if, in plain terms, extension along piecewise 
geodesies is possible. 

Combining this result with the theorem about local integrability, we observe that a con- 
tinuous linear map A : T bl Mi — > T b2 M2 that intertwines the torsion and curvature tensors in 
the base points is integrable if the manifolds have parallel torsion and curvature and if Mi is 
1-connected and M2 is geodesically complete. 

4.1 Piecewise Geodesies 

Let (M, V) be an affine Banach manifold. We recall that a geodesic in M is essentially 
determined by a single point and its respective velocity vector. Different velocity vectors 
along the geodesic are related by parallel transport. 

A piecewise geodesic in M is a continuous curve a: I = [a,b] — > M for which there is 
a partition of I into intervals I\ = [icb^i]) h = [*i>*2]j In = [tn-i,tn] such that the 
restrictions a\ := a\i 11 . . . , a n := a\i n are geodesies in M. We shall often use the notation 
a = (ai,...,a n ). 

The curve can be described by the following data: by a distinguished time d € / and its 
respective point a(d), by the time points to, . . . , t n and by the vectors v%, . . . , v n G T a ^M 
that satisfy 

o4(t) = P d (a)(vi) for all t € Ij = [t»_i, U] with i = 1, . . . ,n, 
i.e., by the data (c?, Oi(c?)5 — ^1 — • • • — 

; vi, . . . , v n ). The curve is uniquely determined by 

this data. 
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Conversely, given data (d, x; to < t\ < . . . < t n ;vi, . . . ,v n ) with d G [io^nL x € M and 
Vi, ■ ■ ■ , v n G T X M, there need not be a piecewise geodesic that can be described by them, but 
there is one if (M, V) is geodesically complete. 

The following lemma is not surprising: 

Lemma 4.1 (Change of data). Given a piecewise geodesic a that can be described by the 
data (d, a(d);to < t± < . . . < t n ; v±, . . . , v n ), then for each d! G [to, t n ], it can also be described 
by the data (d' ,a(d');t <h<... <t n -P${a){v x ),...,P${a){v n )). 

Lemma 4.2 (Geodesic connection). // M is connected, then, given any points x and y in 
M, there is a piecewise geodesic a: [0, 1] — > M that joins a(0) = x with a(l) = y. 

Proof: Due to the possibility of reparametrization, we need not mind the domains of the 
considered piecewise geodesies. Given some x G M, let A be the set of all y G M for which 
there is a piecewise geodesic that joins x and y. To see that A is all of M, we shall show 
that A and its complement A c both are open. For each y G M, we can consider a normal 
neighborhood U y and recall that y can be joined with each of its points by a geodesic. Hence, 
if y G A then U y C A, and if y G A c then U y C A c . This shows that A and A c both are open. 

□ 

The following lemma says that every point in M has a neighborhood in which points can 
be joined by geodesies (that lie in M) such that the geodesies depend continuously on the 
points. Moreover, geodesies that lie in the neighborhood are uniquely determined by their 
endpoints. 

Lemma 4.3. Let <£: TM 2 ^ex P M x M be the map defined by &(v) := (7r(v),exp(v)), 
where tt : TM — > M denotes the natural projection of the tangent bundle. For each x G M , 
we have: 

(1) There exists a triple {U x , $ x , W x ), where U x is an open neighborhood of X in T> cxp C 
TM that contains the zero section ofir(U x ), & x := &\u x is a diffeomorphism onto its 
open image and W x is an open neighborhood of x such that &{U X ) 5 W x x W x - 

(2) Given any geodesic a: [0, 1] — > M that lies in W x and joins a(0) = y with a(l) = z, we 
have a(t) = exp y (t&~ 1 (y, z)) for all t G [0, 1]. 

Proof: (1) is an easy consequence of the fact that $ induces a local diffeomorphism at X , 
since To x & is a topological linear isomorphism (cf. [LanOH Prop. 5.1]). 

(2) Let v be in T y M such that a(t) = exp y (tv). By definition, we have &(v) = (y,z). It 
suffices to show that v G U x , as then v = $~ 1 (y, z). For this, let A be the set of all t G [0, 1] 
for which tv G U x . We shall show that A is all of [0, 1] and shall do this by checking that A 
is open, closed and not empty. The latter is true, since Of = y G U x . The openness of A is 
clear by the openness of U x . 

To see the closedness of A, consider any sequence (i n )ngN in A with limn^oo t n = t G [0, 1] 
and check that t £ A. For this, we show that tv G U x , i.e., linin^ootnV G U x . The sequence 
(t n v)neH m U x converges in U x if and only if the sequence ($ x (t n v)) nE n = (y,exp y (t n v)) ne n 
converges in im($ x ), but the latter is true, since lim n _ > . 00 exp y (t n v ) = exp y (tv) = a(t) G W x . 

□ 

Proposition 4.4. Let ao,ai: [0,1] — > M be two piecewise geodesies with ao(0) = ai(0) 
and ao(l) = «i(l)- If there is a homotopy H : [0, 1] x [0, 1] — > M between H{-, 0) = «o an d 
H(-, 1) = ot,\, then there exists a homotopy H' between them such that each curve a s := H'{-, s) 
is a piecewise geodesic. 
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Proof: Given a collection (U x ,^ x ,W x ) x ^m of triples as in Lemma 14.3} we consider the 
covering (H~ 1 {W x )) x& m of [0, 1] x [0, 1]. Let A > be a Lebesgue number of this covering, i.e., 
every subset of [0, 1] x [0, 1] whose diameter is less than A is contained in at least one of the open 
sets H~ l (W x ) (cf. e.g. |Sch75l 1.7.4]). We decompose [0, 1] into = t < h < . . . < t n = 1 
such that, for all i = 1, . . . , n, the restrictions of ao and ot\ to [ij-i,£i] are geodesies and 

\ti— 1 t% | ^ 2' 

We define H' on A := ({i , . . . ,t n } X [0, 1]) U ([0, 1] x {0, 1}) by H'\ A := H\ A and target 
a suitable extension. On each filled rectangle Ri := [ti— 1,£»] x [0,1], we need a contin- 
uous extension of H'\a such that (H'\^)(-,s) is a piecewise geodesic for each s £ [0,1]. 
Without loss of generality, we shall inspect R\ = [0, t\] x [0,1]. For this, we consider an 
equidistant decomposition = sq < si < . . . < s m of [0, 1] for which each parallelogram 
Pj := -P((0, Sj), (t\, Sj^i), (ti, Sj), (0, Sj+i)) with j = 1, . . . , m — 1 has diameter less than A. 
The triangles A := A((0,0), (ii,0), (0,si)) and A x := A((0, 1), (ii,s m _i), (h, 1)) then both 
have diameters less than A, too. Let B be the union of all these parallelograms and triangles 
and note that Ri is their union when considering the filled polygons. We extend H'\a to B 
by H'\b ■= H\b- On each filled parallelogram and triangle, we need a suitable continuous 
extension. 




To inspect firstly the parallelograms, we consider without loss of generality 
Pi = P((0, si), (ti, 0), (ti, si), (0, S2)). For each s € [0,52], the line segment [0,1] x {s} 
intersects Pi in two points (a(s),s) and (b(s),s) with a(s) < b(s) that coincide if s = or 
s = S2- The hereby defined maps a, b: [0, S2] — > [0, 1] are continuous. The filled parallelogram 
Pi is contained in some H~ 1 (W X ). We extend H'\b to Pi by inserting suitable geodesies, i.e. 

(H'\- )(t s) ■= { 6XP ( b(7)-a(s) ^x 1 {H'\B(a(s) , s) , H'\ B (b(s) ,s))j if s ^ and s ^ s 2 

Pl ' ' {H'\ B (t,s) if (i, S )£{(ii,0),(0, S2 )}. 

It is clear that H' is not redefined on the boundary Pi. To verify the continuity, we have to 
examine more closely the vertices v G {(ii,0), (0,^2)}: As 

lim $- 1 (H , \ B (a(a),8),H'\B(b(8),8)) = ^ (H'\ B (v), H'\ B (v)) = Q h ,\ b(v) 

and 

^ b(s)—a(s) ^ ^] ^ bounded, we obtain 

lim H'\p (t,s) = exp(0.H7| („)) = H'\ B (v). 

Inspecting the triangles Ao and Ai works quite similarly. An additional subtlety is to 
check that the geodesies (H'\ B )(-,0) = ao|[o,ii] an d (H'\ B )(-, 1) = ai|r 0)tl i agree with 

t ^ exp (1 $£(H'\b(P, 0), H'\ B (ti, 0))) and t ^ exp (^^(H'\ B (0, 1), H'\ B (h, 1))) , 
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respectively, where the filled triangles are contained in some H 1 (W X0 ) and H 1 (W Xl ), re- 
spectively. As the geodesies lie in W XQ and W Xl , this is ensured by Lemma I3~3T 2). □ 

Corollary 4.5. If M is simply connected, then, given any piecewise geodesies ao,a\: 
[0, 1] — > M with ao(0) = ai(0) and ao(l) = ai(l), there is a homotopy H: [0, 1] x [0, 1] — > M 
between them such that each curve a s := H(-,s) is a piecewise geodesic. 

4.2 The Images of Piecewise Geodesies under Maps between Tangent Spaces 

Let (Mi, Vi) and (M2, V2) be affine Banach manifolds where the latter is geodesically com- 
plete. Given a piecewise geodesic a described by the data 

(d, a(d); t < h < . . . < t n ; v 1} . . . , v n ) 

and given a continuous linear map A: T a i d \M\ — > T y Mi (with y € M2), we define (d,A) Jf a 
as the piecewise geodesic given by the data 

(d,y,t < h < ... < t n ;A(vi), . . . ,A(v n )). 

It is easy to see that this is well-defined, i.e., regardless of the partition of the domain of a. 
We shall mostly write A* a instead of (d, A)* a, if the distinguished time d is obvious by the 
context, e.g., if we use indexed maps like Ad- 

Definition 4.6. Given a piecewise geodesic a: I — > Mi and a continuous linear map 
A d : T Q(d )Mi -s> T y M 2 , we put 

A t := P^iA^a) o A d o P t d (a) : T a{t) M x -> T ((irf) , tt)(t) M 2 
for all t £ I. To avoid confusion, we sometimes write Af instead of At- 

Lemma 4.7. Given a piecewise geodesic a: I — > M\ and a continuous linear map 
Ad~. T a ^d)M\ — > T y M2, we have: 

(1) {A t )*a = (A d )*a for all t € /. 

(2) A t = I*((A a ) m a) o A s o P t s (a) for all t,sel. 

Proof: (1) Let a be described by (d, a(d);tQ < t\ < ... < t n ; v%, . . . , v n ). For the sake 
of readability, we shall omit the time points tQ,... ,t n . Then (Ad)*a can be described by 
(d, y; ; A d {v{), A d (v n )) or also by 

(t, ((A d )*a)(t); ; P*((A d ),a)(A d ( Vl )), P^(A d ),a)(A d (v n ))) 

(cf. Lemma |4TT|) . By change of data, we can describe a by (t, a(t); ; P d (a)(v 1), . . . , P^(a)(v n )), 
so that (A t )*a is given by 

(t, ({AdM(t); ; ^(P»M), . . . , A t (Pfra)(v n ))) . 

By Definition 14. Q\ these data of (Ad)*a and (A t )*a agree. 
(2) We have 

Pi((A s )*a)oA s oP/(a) = Pi((A)*a)o(P|((A d ),«)oA d oP s d («))oP/( a ) 

( = } ^((AdMoAdoPfia) = A t . 

□ 
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Corollary 4.8. If we start in the situation of Definition with the map A d i (induced by 
Ad) for another distinguished time d! , then we get the same collection of maps (At)t£i- 

Lemma 4.9. Given a piecewise geodesic a: I —> Mi and an affine map f: Mi — > Mi, we 
have f o a = (T a r,j,)f)* a f or a ^ d E I. The collection {T a u\f)tei is a collection in the sense 
of Corollary \4-8\ 

Proof: Let a = (a%, . . . , a n ) be described by (d, a(d);to <t\ < ... < t n ; v\, . . . , v n ). Then 
(T a (d)f)* a is given by the data 

(d, f(a{d)); t < h < . . . < t n ; (T a{d) f)(vi), {T a{d) f){v n )). 

To see that this data also describes / o a, we have to check 

(/ o ai)\t) = Pj(/ o a){(T a{d) f)( Vi )) for all t € J. = [U-uU] with % = 1, . . . ,n. 

The latter is true, since we have 

(/oai)'(t) = r/(aj(t)) = T/(Pj(a)(^)) = P l d {f o a){T f{ Vl )), 

affine maps being compatible with parallel transport. Hence, we have / o a = (T a ^)f)*a. 
As we have 

T a{t) f = P|(/oa)oT Q(s) /oP t >) = P*((T a{s) f)*a)oT a{s) foP t s (a) 
for all t,s £ I, the collection {T a u\f)t^i is a collection in the sense of Corollary 14.81 □ 

4.3 Integration of Maps between Tangent Spaces 

Proposition 4.10. Let (Mi,Vi,&i) and (M2,V2,&2) be affine Banach manifolds with base 
points where the former is connected and the latter is geodesically complete. Given a contin- 
uous linear map A : Mi — > T& 2 Mi , the following are equivalent: 

(a) Given any piecewise geodesies a,/3: [0, 1] — > Mi with a(0) = ,5(0) = hi and a(l) = f3(l), 
we have Af = A^ for A^ := Aq := A. Further, each map Af is locally integrable to an 
affine map g: U a ci) — > Mi with an open neighborhood U a ^ of a(l) in the sense that 
T a{1) g = Af. 

(b) There exists an affine map f: Mi — > Mi that satisfies T^f = A. 

Proof: (b)=Ka): By LemmaHjjJ we have Af = T a(1) / and A{ = Tg (1) /, so that Af = A{. 
(a)=>(b): We define the map /: Mi -> M 2 by 

/(a(l)) := ((^)*a)(l) for all a: [0, 1] -> M x with a(0) = b x and A% := A. (16) 

Due to Lemma S21 / is defined on all of M. It is well-defined, as 

a(l)=/3(l) H Af = A? =► ((^)*a)(l) = (K)*/?)U) 

for all such piecewise geodesies a and /?. 

For each x £ M, we define the map A x : T x Mi — > Tfr x \Mi by A x := Af, where 
a: [0,1] —7- Mi is any piecewise geodesic that joins bi with x and where Aq := A. It is 
well-defined by (a). It is clear that A^ = A. 
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We claim that 

/(q(1)) = ((Ag%a)(l) for all a: [0, 1] M x with a(0) = x and := A x . 

To see this, let (3: [—1,0] —¥ M\ be a piecewise geodesic that joins b\ with x and let 
(/3,a): [—1,1] — > Mi be the piecewise geodesic that is obtained by composing (3 and a. 
Putting A^^ 1 := A and applying the known formulas after reparametrization, we obtain 

/(a(l)) = /((M(l)) ® = «))(!) 

= ((^),(/?,a))(l) = ((i4ff),a))(l), 

since 4f' Q) = 4r = A q ■ 

We shall show that / is smooth and affine by working locally: Given any x G M, we 
integrate A x to a smooth affine map g: U x —¥ M2 with T x g = A x , where U x is some connected 
neighborhood of x. We claim that g is a restriction of /. Indeed, given any y £ U x ,we consider 
some piecewise geodesic a: [0, 1] — > U x that joins x with y, so that g(y) = (g o a)(l) and 
/(y) = /(a(l)) = ((4j%a)(l) with A% := A x = T x g. By LemmaSSl we then have g = f\ Ux . 

In particular, we have T^f = A^ = A. □ 

Definition 4.11. Let (Mi, Vi) and (M2, V2) be affine Banach manifolds where the latter is 
geodesically complete and let a: I — > Mi be a piecewise geodesic. Given a collection (At)tel 
of continuous linear maps in the sense of Corollary 14.81 we call it uniformly locally integrable 
if there are open neighborhoods Ut of a(t) and affine maps ft - Ut ^ M2 with T a ^f t = A t 
for all t € I and some decomposition a = (cti, . . . ,at n ) with geodesies on: Ii — > Mi (cf. 
Section 14. ip such that f/j 3 im(aj) for all i = 1, . . . , n and t£4 

Lemma 4.12. Ze£ (Mi,Vi) and (M2,V2) &e affine Banach manifolds where the latter is 
geodesically complete and let a: I — > Mi 6e a piecewise geodesic. Given a uniformly locally 
integrable collection (At)tel> we have (with respect to the denotations of Definition \4-ll\ ) 

U s nU t ^ im(a<) and f a \(u.au t )c = ft\(u s nu t ) c 

for all i = l,...,n and [s,t] C Ij, where (U s H f7t) c zs i/ie (open) connected component of 
(U a n C/j) i/iat contains im(«j). 

Proof: By Section E21 it suffices to check T Q . (s) / s = T a .^f t . The collections (T a .^f t ) d£li 
(cf. Lemma [4^9]) and (vLj)delj agree, as in particular T ai r t \ft = A t . Hence, we have T ai r s \ft = 
A s = T ai(s) f s . " ^ □ 

Lemma 4.13. Let (Mi,Vi) and (M2,V2) be affine Banach manifolds where the latter is 
geodesically complete and let a: I — > Mi be a piecewise geodesic. Given a collection (At)tei 
of continuous linear maps in the sense of Corollary \4-8[ it is uniformly locally integrable if 
and only if each map At is locally integrable. 

Proof: Assume that there are open neighborhoods V% of a(t) and affine maps gt : Vf — > M2 
with T a n\g t = A t for all t G I. They form a covering (Vt)t&i of the image im(a) of a. 
By a compactness argument, there is a finite subcover (Vt)teF, some decomposition a = 
(aci, • • • 5 ot n ) with geodesies on : Ii — > Mi (cf. Section 14. ip and a map j : I — > F such that for 



25 



each t G ij, i = 1, . . . , re, the convex hull Ci± := conv(7 U {j(t}}) satisfies Vju\ 5 a(Cj ) t)H 
For each t G I, we then define U% := Vju\ and ft := gju) and claim that T a f t \f t = A t . 
Indeed, the collections {T a M)ft)d£C it t ( c ^- Lemma H~9]) and (A d )dec lt agree, as in particular 
T a(j(t))ft = T am) g m = A m . □ 

Proposition AAA. Let (Mi,Vi,6i) and (M2,V2,&2) be affine Banach manifolds with base 
points where the latter is geodesically complete. Given a continuous linear map 
A: T^M\ — > Tf, 2 M2, two piecewise geodesies ao,a±: [0,1] —> M\ with ao(0) = b\ = ai(0) 
and ao(l) = cti(l) and a homotopy H : [0, 1] x [0, 1] — » M\ between qo and ct\ such that each 
curve a s := H(-,s) is a piecewise geodesic, we put Aq 3 := A for each s G [0,1]. If for each 
s G [0, 1] and t E I, the map A" 3 is locally integrable, then A® 3 is independent of s. 

Proof: We shall prove the assertion in three steps. 

Step 1: For fixed s G [0,1], we consider some decomposition a s = (a Sj i, . . . , a s ,n) with 
geodesies a Sj «: 7 = [£j_i,tj] — » M\ and affine maps ft'- Ut —> M2 as in Definition ^. 11\ Then 
there is an open neighborhood V s of s in [0,1] such that H([ti-i,ti] x V s ) C (Ut i _ 1 H?7^) c for 
all i = 1, . . . , n. 

To see this, we put t-\ := to = and t n+ i := t n = 1 for the sake of readability and observe 
that for each i = 0, . . . ,n, the open preimage i? _1 (C/t i ) contains [tt-i,tt+i] x {s}, so that, by 
a compactness argument, there is an open convex neighborhood Vf of s in [0, 1] such that 
ff([ti_i, ti+i] x V?) C 17*.. By putting V s := Hf =0 Vf, we obtain H([U-i,U] x F s ) C n£/ ti 
and hence £*] x l/ s ) C (C7't i _ 1 n U ti ) c for alH = 1, . . . , n. 

Step 2: For /bed s G [0,1], we kw A" 3 ' = A" 3 for all s' G V s . To see this, we 
note A^ 3 = T as ^fi = T a ,(i)/i and prove the more general assertion A" 3 ' = T a ,(ti)fti for 
all i = 0, ... ,n. For i = this is trivial, as Aq s ' = A = T^fo. It suffices to verify the 
step i — > i + 1 in the sense that we assume the assertion for given i < n and deduce it for 
i + 1. We first note that ay([t f , <i+a]) = #(Mi+l] X W}) Q (U u n C/ ti+1 ) c C C/ t .. The 
collections {T as , {d) f u ) d( z[ UtU+1 ] (cf Lemma gSJ and {A^ 3 ' ) d&[u ,u+±\ a g ree > as in particular 
T a s ,(u)fu = A" 3 ' , by assumption. Hence, we have T ag/{u+1 )f u = A" 3 ^. The maps / tj and 
ft i+1 agreeing on (U u n *7 i+1 ) c (cf. Lemma SJ2]) , we obtain T as , {u+l) f u+1 = A^. 

Step 3: Observe that A^ 3 is independent of s. To see this, let S be the set of all s G [0, 1] 
for which A" 3 = A^° . We have to show that S is all of [0, 1]. Due to Step 2, the non-empty 
set S and its complement S c both are open in [0, 1], so that 5 = [0, 1] by the connectedness 
of [0,1]. □ 

Theorem 4.15. Let (M\, Vi, 61) and (M2, V2, 62) be affine Banach manifolds with base points 
where the former is 1-connected, i.e., connected and simply connected, and the latter is 
geodesically complete. Given a continuous linear map A: T^Mi — > T^M.2, the following 
are equivalent: 

(a) Given any piecewise geodesic a: [0, 1] — > M\ with a(0) = b±, the map A\ with Aq := A 
(cf. Definition ^. 6| ) is locally integrable. 

(b) There exists an affine map f : M\ — >• M2 that satisfies T^f = A. 

6 Let (Wt)tei be a covering of I where each Wt is an open convex neighborhood of t such that a(Wt) C Vt- 
We choose a finite subset F of / such that for all adjacent points s and t in F, the neighborhoods Wt and 
W s intersect. We decompose I by choosing two points in each such intersection. Then we can define a map 
j : I — > F such that for each t £ I, the set WjU) covers the subinterval of I containing t. Note in this situation 
that the dividing points belong to two intervals. Establishing a refinement ensures that we decompose a into 
geodesic pieces. 
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Proof: (b)=^(a) is clear (cf. Lemma I4.9p and (a)=>(b) follows immediately by Proposi- 
tion [31101 Proposition 14.141 and Corollary 14.51 □ 



Lemma 4.16. Let (Mi,Vi) and (M 2 , V2) be affine Banach manifolds where the latter is 
geodesically complete and where the torsion and curvature tensors are parallel. Given a 
piecewise geodesic a: I — > M\ and a continuous linear map A&: T a ^M\ — > T y M 2 (with 
d £ I and y 6 M2) that intertwines the torsion and curvature tensors in x := a(d) and y, 
i.e., 

Ad (Tori)^ = (Tov2) y o A d and A d o (R{) x = (R 2 ) y o A% 

then each map of the collection {A t )t^i intertwines the torsion and curvature tensors in a(t) 
and ((A d )*a)(t). 

Proof: For each t 6 /, we have At = P^{{A d )^a) oi^o Pf(a). Therefore, it suffices to show 
that parallel transport along curves preserves torsion and curvature, but this is true, as these 
tensors are assumed to be parallel (cf. Section [2. ip . □ 

Theorem 4.17 (Integrability Theorem). Let (Mi,Vi,£>i) and (M2,V2,62) be affine Banach 
manifolds with base points where the former is 1-connected and the latter is geodesically 
complete and where the torsion and curvature tensors are parallel. For every continuous 
linear map A: T^Mi — > T^ 2 M2 that intertwines the torsion and curvature tensors in the base 
points in the sense that 

A o (Tor x ) 6l = (Tor 2 ) b2 o A 2 and A o (i? x ) 6l = (R 2 ) b2 o A\ 

there exists a unique affine map f: M\ — > M 2 that satisfies T^f = A. 

Proof: The theorem follows by Theorem Lemma f4.16l and Corollarv l3.91 Cf. Section HOI 
for the uniqueness assertion. □ 

Remark 4.18. This theorem generalizes a special case of the theorem of Cartan- Ambrose- 
Hicks to the Banach case, where furthermore the map A is not supposed to be an isomor- 
phism. In |Amb56] . W. Ambrose gives a theorem about the integration of an isometric 
isomorphism between tangent spaces of complete 1-connected Riemannian manifolds in the 
finite-dimensional case. As a sequel to it, in [Hi c59] . N. Hicks deals with the case of affine 
manifolds. Their work is based on Cartan's work on frames and connection 1-forms (cf. 
[Car46p . 

5 Banach Symmetric Spaces 

In [Loo 69j. O. Loos defines symmetric spaces by means of a multiplication map /i on a finite- 
dimensional manifold M, where each left multiplication map [i x (with x £ M) is an involutive 
automorphism of (M, /i) with the isolated fixed point x. In this section, we shall deal with 
symmetric spaces in the context of Banach manifolds. 

For each point of a symmetric space, there is a natural involutive automorphism of the Lie 
algebra Der(M, fi) of derivations that is induced by the symmetry at this point. This provides 
an additional structure on the tangent space, namely a Lie triple system. Furthermore, there 
is a functor Lts from the category of pointed symmetric spaces to the category of Lie triple 
systems. 

The main results of this section are an integrability theorem about morphisms of Lie 
triple systems and the fact that the automorphism group of a connected symmetric space M 
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can be turned into a Banach-Lie group acting transitively on M. As a consequence, we shall 
see that connected symmetric spaces are homogeneous. 

To obtain these results, we shall equip a symmetric space with a canonical affine connec- 
tion encoding the symmetric space structure in the sense that it has the same automorphisms. 
Observing that symmetric spaces are torsionfree and have parallel curvature and that mor- 
phisms of Lie triple systems of pointed symmetric spaces are just the curvature preserving 
maps, we can apply the preceding results. 

5.1 Banach Symmetric Spaces 

A Banach symmetric space, simply called a symmetric space, is a smooth Banach manifold 
M with a smooth multiplication fi: M x M — >■ M, written as fj,(x,y) = x ■ y, such that for 
all x,y,z € M, writing \i x := {i{x, •) for the left multiplication, the following properties hold: 

(51) x ■ x = x, i.e., fj, x {x) = x. 

(52) x ■ (x ■ y) = y, i.e., n x = id M - 

(53) x ■ {y ■ z) = (x ■ y) ■ (x ■ z), i.e., fx x (y ■ z) = fi x (y) ■ n x (z). 

(54) Every x has a neighborhood U such that x ■ y = y implies y = x for all y £ U, i.e., x is 
an isolated fixed point of [i x . 

We mention (but will not make use of this) that (S4) can be replaced by the condition 

(S4') T x fj, x = - id Tx M 

(cf. [ Nee02l Lem. 3.2])0 

A morphism between symmetric spaces (Ml,/Ui) and (il^j/^) is a smooth map 
/ : Mi M 2 such that 

fofix = /i 2 o(/x /), 

i.e., f(x ■ y) = f(x) ■ f(y) for all x,y G M\. The class of symmetric spaces and the class 
of morphisms between them form a category, so that isomorphisms and automorphisms are 
defined as usual. For each x G M, the map \i x is called the symmetry around x. Obviously, 
it is an involutive automorphism of (M,fj,). A pointed symmetric space is a triple (M,fj,,b) 
consisting of a symmetric space (M, jj) and a point b € M called the base point. A morphism 
/ between pointed symmetric spaces (Mi, //i, b\) and (M2, 62) is required to be base-point 
preserving, i.e., f(b\) = 62- We call it a morphism of pointed symmetric spaces. Note that 
Hb G Aut(M,/i,6). 

Example 5.1 (Lie groups). Let G be a Banach-Lie group. Then the manifold G together 
with the map (j,(g, h) := gh~ 1 g, where gh denotes the product in G, is a symmetric space. 
In particular, if G is a Banach space, it becomes a symmetric space with the multiplication 
n(g, h) := 2g — h. For further details, see [Loo691 pp. 65-66], which carries over to the Banach 
case. 

7 The proof of the cited lemma is incorrect, but reparable: Considering a local representation fx%: V — ¥ V of 
y, x (for a suitable chart ip: U — s- V C E), we can turn V into an affine manifold making fj,£ an affine involutive 
diffeomorphism. Since the set of all affine connections on V is an affine space (cf. |Ber08l 10.4]), such an affine 
connection can be obtained as the midpoint of the trivial fiat connection on V and its pushforward along 
Then we have n% oexp^^j = exp i w \ oT^j/i^, entailing that <p(x) is an isolated fixed point of n% if and only 
if G T v ( x -j V is an isolated fixed point of T^^fJb^, which is equivalent to T^^fj,^ = — id T ^ . 
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Example 5.2 (Homogeneous spaces). Given a Banach-Lie group G and an involutive au- 
tomorphism a of G, let G u := {g € G: a(g) = g} be the subgroup of cr-fixed points and 
K C G" 7 an open subgroup. The quotient space M := G/K carries the structure of a Banach 
manifold such that the quotient map q: G — > G/K is a submersion. It can be equipped with 
a multiplication 

»(gK,hK) := ga{ci)- x <T{h)K 
that turns it into a symmetric space. For further details, cf. [Nee02, Ex. 3.9]. 

Example 5.3 (Quadrics). Let E be a Banach space with a continuous symmetric bilin- 
ear form (•,•): E x E —¥ M. Given a £ M x , the quadric S := {x £ E: (x,x) = a} is a 
(split) submanifold of £7. Indeed, for any x € 22, the derivative df(x) of the smooth map 
/ : x i — ^ (a;, x) is given by 

df(x) = 2(x,-) 

and is therefore surjective if x € 5 1 . Furthermore, its kernel splits for x £ 5, since 22 = x^SlRx 
according to the decomposition 

E3y=[y- -x + -x, 

where x 1 - denotes the kernel of (x, •). Hence the maps df(x) are submersions, so that due to 
5 = / _1 (a), the quadric is a submanifold. Note that x 1 - = ker(<2f(x)) can be identified with 
the tangent space T X S. For further details, see [LanOll II, §2] which deals with the Hilbert 
case. 

By equipping S with the multiplication 

V{x,y) := 2- -x - y, 

{x,x) 

we turn it into a symmetric space. The finite-dimensional case can be found in |Loo6 9. p. 66]. 
It carries over to the Banach case without difficulty. 

Example 5.4 (Spaces of symmetric elements). Given a Banach-Lie group G and an involu- 
tive automorphism a of G, the set 

G a := {geG: a(g) = g' 1 } 

of symmetric elements is a (split) submanifold of G. Indeed, let 

<p := (exp l^)- 1 : U -»• V C L(G) 

be an exponential chart with V = —V. Then for any g £ G a , the chart 

(f g := ip o X g -i \ gU : gU -4 V 
gexp(x) i—T- x 

maps the intersection gU D G CT onto {leF: <?exp(x) € Go-}, which equals 

{xeF: exp((L(cj) oAd(g))(i)) = exp(-x)}, 



since 



a(gexp(x)) = (gexp(x)) 1 ^ a(gexp(x)g x ) = (exp(x)) 1 

45 exp ((L(a) o Ad(g))(x)) = exp(-x) 
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We make the chart ip g sufficiently small such that (L(a) a Ad(g))(V) lies in the original V. 
Then exp (_(L(a) o Ad(g))(x)) = exp(— x) is equivalent to (L(a) o Ad(g))(x) = —x, so that 

(p g (gU nG a ) = Vn{xe L(G) : (L{p) o Ad(g))(x) = -x}. 

The map L(a)oAd(g) = L(aoc g ) (where c g denotes the conjugation map) is an involution on 
L(G) because ooc g is an involution on G. Hence, the set {x G L(G) : (L(a)oAd(g))(x) = —x} 
is a closed subspace of L(G) that is complemented by {x G L(G) : (L(a) o Ad(g))(x) = x}. 

If we view the Lie group G as a symmetric space (cf. Example 15, ip , the submanifold Go- 
inherits this structure, since it is stable under products: 

g,heG a => e{gh~ l g) = a{g)a{hy 1 a{g) = g^hg' 1 = (gh^g)- 1 
=> g • h = gh~ x g G Go- 
Hence, (Go-,/x) with n(g,h) := ghT x g = ga(h)g is a symmetric space. 
Example 5.5 (Spaces of involutions), (a) Given a Banach-Lie group G, the set 
Invol(G) := {g G G: g 2 = 1} = {<? G G: 9 = ^T 1 } 

of involutions is a (split) submanifold of G that inherits from G the structure of a symmetric 
space with the multiplication map fi(g, h) := gh g = ghg (cf. Example 15. ip . This is a special 
case of Example 15.41 with a = idc- 

(b) Given a Banach algebra A, the set 

Invol(A) := {x G A: x 2 = 1} 

of involutions coincides with the set of involutions of the open unit group A x . Hence it carries 
the structure of a symmetric space (cf. (a)). The multiplication fi is given by fj,(x,y) := xyx. 

Example 5.6 (Grassmannians). (a) Given a Banach space E, let Gt(E) denote the set of 
all closed subspaces that split in E. For every subspace F2 of E, let Uf 2 denote the set of all 
closed subspaces F\ of E that complement F2, i.e., E = F\ F2. For each such pair (Fi, F2), 
we define a bijection 

( P(F\,F2) '■ U F 2 -+£{Fl,F 2 ) 

that maps every F G Uf 2 to a continuous linear map / G C{F\,F2) such that the subspace 
F of E = F\ X F2 is the graph of /. The charts y>(Fi,F 2 ) turn Gr(S) into a smooth Banach 
manifold (cf. |Bou071 5.2.6]). 

For each decomposition E = F\ © F2, let ^(f x ,f 2 ) be the reflection in Fx, i.e., 

CF (F 1 ,F 2 )(X1 © 2C2) = XX ® (~X 2 ) 

for all xx © ^2 G i 7 ! © F 2 . If we equip the open submanifold 

V = {(Fx,F 2 ) G Gr(£) 2 : E = Fx © F 2 } 
of Gr(E') 2 = Gr(E) x Gr(E') with the multiplication 

^Fx,F 2 ),{F[,F!2)) = (a {Fl>F2) (F{),a {FljF2) (Fi)), 
then it becomes a symmetric space. 
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(b) Given a scalar product on E that turns it into a Hilbert space, the Grassmannian 
Gr(F) can be considered as a submanifold of T> according to the embedding t: F i— > (F, F -1 -). 
Indeed, for each (F, F -1 ), the chart 

<P(f,f-L) x Upi_ x f/_F -> C(F,F L ) x £(F ± ,F) 

of Gr(F) 2 at (F, F" 1 ) maps the set (C/p± x Up) n i(Gr(F)) to the closed subspace 

{(/, 5 ) G £(F, F x ) x £(F\ F): f + g* = 0}, 
which is complemented by 

{(/, g) G £(F, F x ) x ^(F-L, F): f — g* = 0}. 

Being stable under products, Gr(F) becomes a symmetric space. 

This can be seen also more directly by defining op to be the reflection in F, i.e. 

(Tf(xi © X 2 ) =X\® (— x 2 ) 

for all xi © X2 € F © F^ = F, and by defining the multiplication 

M(Fi,F 2 ) :=a Fl (F 2 ) 

on Gr(F). The finite-dimensional case is dealt with in [Loo69l pp. 66, 67]. 

Remark 5.7. Given a Banach space F, we consider the Banach algebra C(E) of endomor- 
phisms of F. Each involution A G £(F) corresponds to a decomposition F = F\ © F 2 given 
by Fi = ker(j4 — id^) and F 2 = ker(A + ids). The symmetric spaces 

V = {(Fi, F 2 ) G Gr(F) 2 : F = F x © F 2 } 

and Invol(£(F)) are isomorphic. 

The following proposition shows that the tangent bundle of a symmetric space carries a 
natural symmetric space structure. 

Proposition 5.8 (cf. [Nee02, Prop. 3.3]). Let (M,fi) be a symmetric space and identify 
T(M x M) with TM x TM. Then (TM,Tfi) is a symmetric space. In each tangent space 
T X M , x G M, the product satisfies v-w = 2v — w. For every morphism f : (Mi, ^i) — > (M 2 ,// 2 ) 
of symmetric spaces, the tangent map Tf is a morphism from (TMi,Tfj,i) into (TM 2 ,T^ 2 ). 
Thus T is a covariant endofunctor of the category of symmetric spaces. 

A smooth vector field £ : M — > TM is called a derivation if it is a morphism of symmetric 
spaces. This can be rephrased by saying that £ x £ and £ are /^-related vector fields. We 
denote the set of all such derivations by Der(M, fj,). By the naturality of the bracket product, 
it can be easily checked that Der(M, fi) is a Lie subalgebra of the Lie algebra V(M) of smooth 
vector fields (cf. |Ber08l 1.5.7]). 

5.2 The Lie Triple System of a Pointed Symmetric Space 

A Banach-Lie triple system, simply called a Lie triple system, is a Banach space m with a 
continuous trilinear map [-,-,•]: m 3 — > m such that 

(1) [x,x,y] = 0, 
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(2) [x, y, z] + [y, z, x] + [z, x, y] = and 

(3) [x, y, [u, v, w]) = [[x, y, u],v, w] + [u, [x, y, v},w} + [u, v, [x, y, w}} 

for all x,y, z,u,v,w £ m. Given two Lie triple systems mi and rti2, a continuous linear map 
A: mi — > ni2 is called a morphism of Lie triple systems if it satisfies A[x,y,z] = [Ax,Ay,Az] 
for all x,y,z E mi. 

Proposition 5.9. Let g be a Banach-Lie algebra and a an involutive automorphism of g, 
i.e., a 2 = id g . Then g can be written as the direct sum g = g + © g_ of the Banach spaces 
g_i_ := ker(cr — id) and g_ := ker(cr + id). We have the rules 

[fl+,0+]^0+, [0+,{J_] Cfl_, and [g_,g_]Cg + , 

and g_ becomes a Banach-Lie triple system by 

[x,y,z] := [[x,y),z]. 

Proof: In [Loo69, p. 78], O. Loos states this in case of Lie triple systems and Lie algebras 
not equipped with a topological structure. In our case, the assertion remains true, as we 
simply have to check the continuity of [•,-,■], which immediately follows by the continuity of 
[•, •] on the Banach-Lie algebra. □ 

The following proposition demonstrates how each tangent space of a symmetric space 
inherits a Lie triple structure by an isomorphism with a subspace of Der(M, //). 

Proposition 5.10 (cf. [Ber08, 1.5.9]). Let (M,/x,b) be a pointed symmetric space. The 
symmetry ^ around b induces an involutive automorphism {lib)* of the Lie algebra Der(M, //) 
by 

(/i 6 )*: Der(M,/i) -> Der(M,/x) 
£ i-» Tn b o £ o lib- 
Denoting the (±l)-eigenspaces of (fib)* by Der(M, n)±, we obtain a short exact sequence 
-> Der(M, -> Der(M, fi) = Der(M, /x)+ © Der(M, <i T b M -> 

of vector spaces where the map Der(M, fi) — > TbM is the evaluation ev&: £ h- > £(6). is split 
by the map 

TbM 4 Der(M,/i)_ C Der(M,/i) 

where £ v (x) := ^T^(u,T^(0f,,0 2; )). In particular, we have 

Der(M, //)+ = E Der(M, //) : £(6) = 0} and Der(M, = fe:«e T 6 M}. 

Theorem 5.11 (cf. [Ber08, 1.5.10]). Let (M,fj,,b) be a pointed symmetric space. By means of 
the linear isomorphism ev& |Der(M,/x)_ ( c f- Proposition 15. 1(J\) , the tangent space TbM becomes 
a Banach-Lie triple system. Given a morphism f : (Mi,fj,i,b\) — > (M2, ^2,02) of pointed 
symmetric spaces, the tangent map T^f is a morphism between the respective Lie triple 
systems. 

Equipped with this additional structure, TbM is called the Lie triple system of (M, b). 
We denote it by Lts(M, /i, b) and in shorthand by m. The tangent map T^/ of the morphism 
/: (Mi, Ail, 61) -> (M2,fi2,b 2 ) is denoted by Lts(/): Lts(Mi, Ml, h) -> Us(M 2 , fi 2 ,b 2 ). The 
assignment Lts is a functor from the category of pointed symmetric spaces to the category 
of Lie triple systems. This functor is called the Lie functor. 
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5.3 The Canonical Affine Connection of a Symmetric Space 

For every symmetric space (M, fj,) , we have a canonical affine connection B such that all 
symmetries fj, x , x € M, are affine automorphisms (cf. [Ber08, V.26]). Given any chart 
(p: U — > V C E of M and a restriction ip\ : U\ — > V\ C E 1 of </? such that x C7i) C [/, 

we denote the multiplication in these charts by /x^ 1 : V± x V± — > V . Then, the local represen- 
tation B^ 1 is given by 

B^{v,w) = ^d 2 ^(x,x)((0,v),(0,w)) = ~d 2 u^(x,x)((v,0),(0,w)). (17) 

In particular, this afhne connection is torsionfree. (Thus it can be described by using a spray, 
cf. [Nee021 Th. 3.6].) 

Theorem 5.12. Let (M, fj,) and (Mi,^) be symmetric spaces and V and V2 the canonical 
affine connections on TM and TM2, respectively. Then the following assertions hold: 

(1) Let f: M — > Mi be a smooth map. If it is a morphism of symmetric spaces then it is 
affine. If it is affine and M is connected, then it is a morphism of symmetric spaces. 

(2) Aut(M,/z) = Aut(M,V), if M is connected. 

(3) (M, V) is geodesically complete. 

(4) Let a: R — > M be a geodesic. For all s,t £ R, we have 

Ta(t+s)I L a(t) = ~Pt+s( a ) : T a{t+s) M Ta{t-s) M - 

(5) Let a: R —> M be a geodesic and call the maps T a ^ s := /U^i^ °^ a (o), s£l, translations 
along a. Then these are automorphisms of(M,n) with 

T a , s (a(t)) = a(t + s) and T a ^T a)S = Pl +S {a) 

for all s,teR. 

(6) Given a geodesic a : R — > M , the vector field 

a{\t) ■ (a(0) • x) 

t=o 

is an infinitesimal affine automorphism, and r a : (t,x) 1— > T a t(x) is its flow. The 
geodesic a is an integral curve of £ a . 

(7) Given a vector v in TbM , b € M , let £ v be the vector field from Proposition \5.10\ and a 
the maximal geodesic with a'(0) = v. Then we have £ v = £ a . 

Proof: The assertions (2), (3) and (5) are due to [Nee02[ Th. 3.6] in case of connected 
manifolds, but where the connectedness is not necessary for (3) and (5). The proof of (1) 
works in almost the same manner as the one of (2). Note that }Nee02j works with sprays. 
The assertions (4) - (6) follow from [LanOli XIII, Prop. 5.3 - 5.5] whose proofs do also work 
in our context. Finally, we show (7) by an easy computation: 

Ux) = i\ t=o a&)-(a(0)-x) = TfM(±\ t=0 a(±t),O b . x ) = T^a'(0),Tfi(0 b ,0 x )) 
= ±T/j,(y,Tfi(Q b ,Q x )) = £ v (x). 

□ 



£ a (x) :-- 



d_ 

dl 



d_ 

dt 
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Remark 5.13. The preceding theorem shows that symmetric spaces satisfy the conditions 
for an affine locally symmetric space in the sense of S. Helgason (cf. [HelPl} Ch. IV, §1]). The 
symmetries coincide with the geodesic symmetries. 

Theorem 5.14 (cf. [Ber08, p. 137]). Let (M,fj,,b) be a pointed symmetric space with Lie 
triple system m and curvature tensor R. Then we have 

[v,w,z] = -Rb(v,w,z) 

for all v,w,z G m. 

Corollary 5.15. Let (Mi,yUi,6i) and (M2, fJ>2,b%) be pointed symmetric spaces, R± and R2 
their curvature tensors and mi and m2 their Lie triple systems, respectively. Then a continu- 
ous linear map A : mi — > m.2 is a morphism of Lie triple systems if and only if it intertwines 
the curvature tensors in b\ and 62 in the sense that 

Ao(R 1 ) bl = (R 2 ) b2 oA 3 . 

Proposition 5.16. Given a symmetric space (M,fi), its curvature tensor R is parallel on 
M, i.e., V U R = for all vectors u G TM. 

Proof: Cf. the proof of (LanOll Prop. XIII.6.2]. □ 

Proposition 5.17 (cf. |Loo691 p. 84]). Let (M,fj,) be a connected symmetric space. A smooth 
vector field £ on M is a derivation if and only if it is an infinitesimal affine automorphism 
with respect to the canonical affine connection on TM, i.e., we have Der(M, jj) = Kill(M, V). 

Proof: Der(M, //) C Kill(M, V): Given a derivation £ G Der(M, //), we shall check that 
for each point b of M, there is a chart (pi : U\ — > V\ C E at b such that the equation (J2J) 
of Section 12.31 is satisfied. For this, we consider some chart ip: U —¥ V C E at b and let 
ipi : U\ — > V\ C E be a restriction of (p such that b G U\ and fi(Ui x U\) C U. We denote the 
multiplication in these charts by [x^ 1 : V\ X V± — >■ V. The vector field £ being a morphism, we 
have £ o fi = Tfj, o (£ x £), which locally means 

^(^(x,y)) = d^(x,y)(e(x),e(.y)) 
for all x,y G V\. By taking the derivative with respect to x in any direction v G E, we obtain 

dP(j^(x,y)){d^(x,y)(v,0)) = d 2 ^ (x, y) ((?(x), ?(y)), (v, 0)) 

+ d^(x,y)(d^(x)(v),0). 

We then take the derivative with respect to y in any direction w G E and get 

d 2 e(^ (x, y)){dp^ (x, y)(v, 0),d^ (x, y)(0, w)) 

+ de (x, y)) (d 2 ^ (x, y)((v, 0), (0, w))) 
= dV 1 (x, y) {(e(x), e (v)), (v, 0), (0, w)) + d 2 ^ (x, y)((0, d^(y){w)), (v, 0)) 
+ d 2 ^(x,y){(d^(x)(v),0),(0,w)). 

By putting y := x and applying (fT7"|) and Proposition 15.81 we obtain 

d 2 ^(x)(2v, -w) + d^(x)(-2B^ (v, w)) 

= -2dB tfil (x)(^(x))(v,w) - 2B% 1 (v,d^{x)(w)) - 2B^ (d^(x)(v), w) 
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for all x £ V\ and v, w € E, which entails the required equation when multiplying the two 
sides by (— §). 

Kill(M, V) C Der(M, jj): Given an infinitesimal automorphism £, we know from Theo- 
rem [57T2]J3) and Theorem 12.31 that it is complete. Being affine automorphisms, the flow maps 
Fl|: M — > M are also automorphisms of symmetric spaces, by Theorem 15.12( 2). Therefore 
we have 

t(*-v) = i\t=o Fl t( x -y) = i\^H(*)-H<») = ^(|| t=0 Flf(x),|| t=0 Flf(y)) 
= T/i(£(x),£(j/)) = £(x)-Z(y), 

hence £ is a derivation. □ 

Corollary 5.18. Let (M,fi) be a connected symmetric space. The Lie algebra Der(M, jx) of 
derivations can be turned into a Banach-Lie algebra according to Proposition ^.^ Its Banach 
space structure is uniquely determined by the requirement that for each p £ Fr(M), the map 



Der(M, /i) — >• T p (Fr(M)), ^ 



d 
dt 



Fr(Flf)(p) 

t=o 



is a closed embedding. 



Corollary 5.19. Let (M,fi) be a symmetric space. Every derivation £ G Der(M, fj,) is com- 
plete. 

Proof: We can without loss of generality assume that (M, fj,) is connected, as the matter of 
local flows takes place in connected components. We then know from Theorem 15. 121 (3) and 
Theorem 12.31 that £ is complete. □ 



5.4 Integration of Morphisms of Lie Triple Systems 

In the light of Theorem l5.12( l). it is clear that two morphisms /, g : (-Mi, fj,\, b\) — > (M2, £i2> ^2) 
of pointed symmetric spaces that satisfy Lts(/) = Lts(g) are equal if Mi is connected. Con- 
sidering morphisms of Lie triple systems, the following theorem deals with the existence of 
integrals. 

Theorem 5.20 (Integrability Theorem). Let (M\, fj,x,b\) and (-M2, ^2^2) be pointed sym- 
metric spaces with Lie triple systems mi and m2, respectively, and let A: mi — > m2 be a 
morphism of Lie triple systems. If M\ is 1-connected, i.e., connected and simply connected, 
then there exists a unique morphism f : Mi — >• M2 of pointed symmetric spaces that satisfies 
Lts(/) = A. 

Proof: We equip the tangent bundles with their canonical affine connections and apply 
Theorem 14.171 Theorem I5.12[ Corollary 15.151 and Proposition 15.161 □ 



5.5 The Automorphism Group of a Symmetric Space 

Lemma 5.21. Let (M, fi) be a connected symmetric space. The automorphism group 
Aut(M, fx) acts transitively on M. 

Proof: Due to Theorem I5.12i there are translations along geodesies. As M is geodesically 
connected (cf. Lemma l4.2p . each point of M can be mapped to any other one by composing 
translations. □ 
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Theorem 5.22. Let (M,u) be a connected symmetric space. The automorphism group 
Aut(M, /x) can be turned into a Banach-Lie group such that 

exp: Der(M,/x) -> Aut(M,/x), £ h-> Fl^ e 

is its exponential map. The natural map r : Aut(M, /x) xM —> M is a transitive smooth action 
whose derived action is the inclusion Der(M, /x) V(M), i.e., — Tr(idM, 0) = £(x). 

Proof: This theorem is a direct consequence of Theorem [231 Theorem l5.12l Proposition 15. 171 
and Lemma 15.211 □ 

Proposition 5.23. Let (M, zx, b) be a pointed connected symmetric space. The short exact 
sequence 

-> Der(M, /x)+ -> Der(M, /x) = Der(M, zx)+ Der(M, /x)_ ^ T b M -)• 
o/ vector spaces ( cf. Proposition \5.10\) is actually one of Banach spaces. 

Proof: The evaluation map ev?,: Der(M, /x) — > T&M is continuous by Theorem 15.221 and 
hence, Der(M, zx) + = ker(evb) is a closed subspace of Der(M, /x). To see that Der(M, /x)_ = 
ker((/ift)* + idrjer(A/,/i) ) is closed, too, we shall check that 

Der(M,/x) -> Der(M,/x), ^r^o^o^ 

is continuous and shall do this by proving L(c^ b ) = (fib)*, where 

: Aut(M, /x) ->■ Aut(M, /x), g^ Hb° 9° 1+b 

denotes the conjugation map. We have to verify that /x& o Y\ t ^ ofx b = Fl t for all tel. 

This is true by the general fact that the flow of the push-forward of a vector field is the 
push-forward of its flow (cf. [AMR881 Prop. 4.2.4]). □ 

Theorem 5.24 (Homogeneity of connected symmetric spaces). Let (M, //) be a connected 
symmetric space with automorphism group G := Aut(M, /x). Given b E M, the stabilizer 
subgroup Gb < G is an open subgroup of the group G c ^ of fixed points in G for the involution 
c^ b on G given by c^ b (g) := fib o g o jj, b . The symmetric space G/Gb (cf. Example \5.2\) is 
ismorphic to M via the isomorphism <£: G/Gb ~> M given by <&(gGb) '■= gib). 

Proof: Given g E G, we have g o fj, b = n g t b \ ° 9, so that g E G c n if g(b) = b. Hence, the 
stabilizer Gb is a subgroup of G c n . 

To see that Gb is open in G Cfl i>, we shall prove that Gb = T b x (JJ) fl G ^ for the orbit 
map Tb : Aut(M, /x) — >■ M, (7 1— >• 5(6), where £7 is an open neighborhood of b such that b is an 
isolated fixed point of (/j,b)\u- Given g E G Cfi b, the point t&(<?) = 5(6) is a fixed point of /x&, 
so that r b (g) £ U if and only if g(b) = b. This shows G b = T b l (U) n G c ^. 

It is clear that the map <I> is well-defined and injective. Its surjectivity follows by the 
transitivity of the natural action of G on M . 

Due to & o q = Tb with the quotient map q: G — > G/Gb, the map is automatically 
smooth, as q is a submersion. To see the smoothness of the inverse map < I ) ~ 1 , we shall show 
that Tb is a submersion. By Theorem 15.221 we have T lt i M T b = — ev b with the evaluation map 
evf,: Der(M, zx) — > TbM, so that Tb is submersive at idu, the map ev^, being surjective with 
splitting kernel (cf. Proposition I5.23P . For every g E G, we have T b = g°T b oX g -i, where A ff -i 
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is the left multiplication with g in G, whence T b is submersive at g, too. Therefore, r b is a 
submersion. 

Finally, we check that $ is a homomorphism: 

<S>{gG b -hG b ) = ^(gc^ig^c^hjGb) = {g^g' 1 /i&Mw>)(&) = {g^ h g- l ){h(b)) 
= g(b-g-\h{b))) = g{b).g{g-\h{b))) = <S>{gG b ) ■ <S>{hG b ). 

□ 
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